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Abstract. Using the result of Heintz and Sieveking [1], we show that the polynomials

L1.1.abr/ iXi  wi th ä posi t ive real  d i l lerent  f rom one, and f  ,=r=l7Xt wi th r  rat ional  not  integer,
are hard to compute.

We use the following variant of the main result of Heintz and Sieveking [1]:
Let f : I,=;=, b$i eClX), kua subfield of C such that all öi are algebraic over kg,

a n d N t h e n u m b e r o f  c o n j u g a t e s o f  ( ö 1 , . . . , b a )  o v e r k e ( i . e . t h e s i z e o f  t h e o r b i t o f
(bt , . . . ,  äa)  in  C'  under the act ion of  the Galo is  group of  C over  k6; .

Le t  91 ,  . . . ,  gneko fTb . . . ,To )be  po l ynomia l s  o f  deg ree  <M such  tha t  { r  eCo :
g r ( x ) = ' ' ' = 8 , ( x ) : 0 )  i s  f i n i t e  a n d  c o n t a i n s  ( b t , . . . ,  ä 4 ) .  T h e n

/  l o e N  \ r / 2L\t)>\uffiw)

Here L(f) is the minimum number of nonscalar multiplications/divisions sulficient to
compute f over C u {x} by a straight-l ine program. (So arbitrary preconditioning is
allowed.)

Application 1. Let ö be positive real and different from one. Then

L(  I  t , i x \= ( - !_1 " ' .
\ r=7=a  /  \ l ogd /

(Here u(d)> u(d) means that there is a positive constant c such that u(d)> c . u(d)
fof large d. Roots of positive real numbers are understood to be positive real unless
otherwise stated.)

Proof. Let ko = Q(ä, exp(2nil3),. . . , exp(2ni ld)) = Q(ö, exp(2nil/)), where / =

l c m ( l ,  . . . , d ) ,  a n d  l e t  g i = T l  - ä  f o r  j = 1 , . . . ,  d .  T h e n  d e g & <  d : : M .  M o r e o v e r
K : : k o ( b ' / ' , . . . , b t / o ) i s a G a l o i s e x t e n s i o n o f k o a n d t h e o r b i t s o f ( b , b ' / t , . . . , b t / o )
under Gal(C/ks) and Gal(K/ko) are the same. Since only the identity element of
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Cal(Klkd fixes (ö, . . . , bt,o), we have

-Äy' = size of orbit of (b, bl/2 , . . . , bt,o) under Gal(K/ko)

:  #Ga l (K l ku ; - [K :  ko l .

Hence,

'  ,* i \  = l loglK: k"]1'/ '?L( I bI/ ixi l={:ee--l1L])
\ r = i < . r  /  \  l o g d  /

we wri te [K: to] : [K: Q(ä)] / lko: e(ö)1. I f  ä is t ranscendentat,  then lko: e(ä)] :
[Q(exp(2r i l / ) ) :  Q] :  e(t) . I f  ö is algebraic,  then lko: e(ä)]  div ides

[ko: Q] = eU). lko: e(exp(2ni l l \ ) ] .

Since e(/) has only prime divisors <id and lke: e@xp(2ni/fi )j < [e(ä): e], which is
independent of d, we obtain that in either case

pXlko: Q(b) l

for all primes p between Id ana d, provided d is sufficiently large.
On the other hand, we claim that

p l [K :  Q(ä) ]

for d sufficiently large and all primes p such that td < p < d. This claim implies

log[K: ko] > tog ( II p\ = a
\ l . J<p . - - . /  /

by the Prime Number T'heorem, and therefore Application 1.
To prove the claim it is sufficient to show

[Q(a ' lo ) :  Q(ä) ]  =  p

for large primes p.
Let p be a pr ime and assume [e(ä' lo):  e(r ;1<0. Then zp-ä has a nonrr iv ial

f . a . c t o r  h e Q ( D ) [ r ] .  S i n c e  T p - b : ( T - ( , ' o ) . . . ( T _ t r - t a )  o v e r  c ,  w h e r e  c :
b'10 eR and (:exp(2d/ p),  the constunt t" . ,n of f t  is of  the form (,a- with
1 < m < p.Thus f 

'a - € Q(r). Writing I: um +- up we get {,"a € e(r), and therefore
a eQ(ö), since a and ä are real. If ä is transcendental, this cannot happen. If ö is
algebraic, consider the factorization (ä) : qelt . . . ai, of the fractional ideal (ö),
where the q, are prime ideals in the ring o'of integers of e(ä), and e;eZ\{0}. The
corresponding factorization of (a) yields that p divides every ei. For large p this
cannot happen unless r: 0. In this case a and b are units of o. By Dirichlet's unit
theorem, there isaun iquerepresenta t ionö= u .u f r ' . . .u { , ,wherez isaroo to f  un i ty
in  Q(ä) ,  {u t , .  . . ,  u " }  i s  a  se t  o f  fundamenta l  un i ts  o f  e (ä) ,  and f1 , .  . . ,  f ,  €2 .  The
corresponding representation of a yields that p divides every f;. For large p this
cannot happen, unless all fi are zero. But then ä = 1, which is excluded. This proves
the claim.
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Remark. We have stated Application 1 for positive roots of positive real ä. Actually,

the proof goes through for any nonzero complex ä not a root of unity and arbitrary

roots ä 
t/ ' . If ä is a root of unity, say b : exp(2rilt) for simplicity, the polynomial is

hard (see [1, corollary 1]) if one takes bt/i :exp(2ri/4). However, for anysuch ä

one can also choose the bt/i in such a way that the polynomial becomes easy:

To any j we associate the unique natural numbers/, g such that/:gcd(i, r ') for

large l, 1 < g < r, and c'Ulfl= 1 (mod r)' We set ä; : exp(2niglft)' Then äj :

exp(2dlt):b. If r has s different prime divisors, there are at most (logd)' ' t

poss ib i l i t i es fo r the / ,  g  assoc ia ted to the i  e {1 , .  . . , d \ .Wesp l i t uP I r= i= , i  b ,X i  i n to

subsums according to the value of f, S.Each subsum is a geometric sum and can be

computed in O( log d) .  Therefor  e L(L i=abiXi ) :  O(( log d) ' * ' ) .

Application 2. Let r e Q\2. Then

L(  I  i ' x ' )=  d ' / 2 l t osd .
\ l _ * i < d  /

Proof .  Let  r=s/r  wi th seZ,  te N re lat ive ly  pr ime,  p a pr ime d iv isor  of  t ,  ( :

e x p ( Z r r i l  p ) ,  k o = Q ( f ) ,  a n d  g ; : T ' i  - i ' f o r 7  =  1 , . ' . , d .  F u r t h e r m o r e  l e t  Q r , . " , Q ^

be the prime numbers <d. Then

N :  # conjugates of .  ( l ' ,2 ' , .  .  .  ,  d ' )  over  ko

:  #  c o n j u g a t e s  o f  ( q \ , . . . , q ^ )  o v e r  k o

>  #  con juga tes  o f  ( ( q \ ) t / ' , . . . , ( q ' ^ ) t / ' )  ove r  ko

:  [ ko ( (q i  ) r / ' , .  . .  ,  ( q '  ) t / o ) ,  ku ] .

The last equality follows as in the previous proof, since the extension is Galois. We

claim that for every / < nt

( q i * r ) t /  o  e k u ( ( q i  ) ' / n ,  .  .  . ,  @ i l '  
/ ' ) .

Then we have N >2^ and therefore

/ . \
L(  I  i 'x ' l  =  @124 log(dt) \ t /2  =-  dt /2 l los d

\ l < / < d  t

by the Prime Number Theorem. The claim follows from a general fact:

L e t a l , . . . , a r , a b e p o s i t i v e r a t i o n a l  n u m t r e r s w i t h a t / o e k r r ( a l ' ' , . . . , a \ / ' ) . T h e n

there are l "  €  Q,  €r , .  .  , ,  er  € N such that

a : w o q " t t . . . a f ' .

We prove this by induction on /. For /:0, we have

lQ@' /o \ :  Q l< l kn :  Q l :p  -  1 .
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This implies, as in the previous proof, w t: qt/o e Q. Inductively, we may assume

at/p e ko(al /"  .  .  . ,  a! !71 =1 y.

P u t  d =  a l / o , r t : s r l p .  T h e n  K ( d )  i s  a  G a l o i s e x t e n s i o n o f  K ,  a n d  1 , e , . . . , 0 ' i s a
K-basis of K(d) for some z <p- 1. ( In fact z = p- 1.)  Let

4 = b s l b ß + . . . + b " 0 '

with öi e K, and let o eGal(K(0)/K ) with o(d) * 0.There exist natural numbers a, u
such that

o ( 0 ) :  { " 0  a n d  ( u ,  p ) = 1 ,

okt) = t'rt.

Comparing coeffi cients of

o ( t l )  =  b o +  b p ( 0 ) + ' ' '  +  b , o ( 0 ) '

:  bo+ b{ "0  + '  '  .+  b" t " '0 '

and

o(q) = t 'n :  bo( '  + bÄ"0+' "  + b,t"o ' ,

and observing that the E"i arepairwise distinct, we find that there is exactly one i with
äi # 0. Thus

(a/aDt/o :  nl  0 '  :  bi  e K.

Using the induction hypothesis we conclude

a / a i : w e a l '  " ' a ; ' - - i .

Remarks. (1) For r€N we have L(1,=oi 'Xi)=O(logd).  To see this,  put
f, =Lr=1=o i'X'. From f,: x '(dldx) fa it follows inductively, that
f ,=(xo* ' .5+h)/(x-1) '* t  with polynomials g and h o'L degree <r.  Hence L(f ,)=
O(loe d).

(2) Since the highest complexity of polynomials of degree d has order d1/2
(counting nonlinear operations only), the lower bounds of this paper .annot be much
improved. Of course, analogous results hold in the case where all operations are
counted. Slightly weaker bounds also follow from the method of Strassen [3] (taking
into account the improvement of Schnorr [2]). However, the method of Heintz-
Sieveking [1] is much more elegant.
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