DENSITY OF REAL AND COMPLEX
DECOMPOSABLE UNIVARIATE POLYNOMIALS

JOACHIM VON ZUR GATHEN!, GUILLERMO MATERA??3

ABSTRACT. We estimate the density of tubes around the algebraic
variety of decomposable univariate polynomials over the real and
the complex numbers.

1. INTRODUCTION

For two univariate polynomials g, h € F[z] of degrees d, e, respec-
tively, over a field F', their composition

(1.1) f=g(h)=goh € Flz]

is a polynomial of degree n = de. If such g and h exist with degree
at least 2, then f is called decomposable (or composed, composite, a
composition).

Since the foundational work of Ritt, Fatou, and Julia in the 1920s on
compositions over C, a substantial body of work has been concerned
with structural properties (e.g., 8], [7], [21, 22], [27]), with algorithmic
questions (e.g., [1], [20], [3]), and with enumeration over finite fields,
exact and approximate (e.g., [16], [15], [4], [11], [28]).

This paper presents analogs for the case of the real or complex num-
bers of the latter counting results. What does counting mean here?
The dimensions and degrees of its irreducible components as algebraic
varieties? These quantities turn up in our argument, but we bound
here the density of these components. Any proper algebraic subvariety
X of R™ has volume and density 0. However, we can bump up the
dimension of X to n by taking an e-tube U, around X, replacing each
point in X by a hypercube (—¢, €)X for “small” positive e. If this
is done properly, U, has dimension n. Its volume may be infinite, and
we make it finite by intersecting with a hypercube (=B, B)" for some
“large” positive B. Then the density of X in (—B, B)" is this finite
volume divided by the volume (2B)" of the large hypercube. A similar
approach works in the complex case.
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Let X be an equidimensional real or complex algebraic variety em-
bedded in a k-dimensional affine space with codimension m, and con-
sider the e-neighborhood {y: |x —y| < €} of some point z in the space.
This is a real hypercube or a complex polycylinder, respectively. We
also use the corresponding notion for a projective space. There are
several notions for forming an e-tube around X, namely, as the union
of all

e k-dimensional e-neighborhoods of x € X,

e m-dimensional e-neighborhoods in the direction normal to x €
X,

e m-dimensional e-neighborhoods in a fixed direction around = €
X.

Singular points may be disregarded. The first two tubes comprise the
points in the affine space whose distance to X in a normal direction is
less than e. Thus the two notions coincide, at least for smooth varieties.
The ratio to the volume in the third notion is locally cos a, where «
is the angle between the two m-dimensional linear spaces, namely the
normal space (at a nonsingular point) and the space in the chosen fixed
direction.

The present paper uses exclusively the third notion, the others are
included here only for perspective.

Weyl [26], answering a question posed by Hotelling [19], proved fun-
damental results on tubes around manifolds. Since then, the topic has
been studied in topology and differential geometry and is the subject
of the textbook of Gray [17], which includes many further references.
The first notion and generalizations of it are commonly used.

For algebraic varieties and the first notion, Demmel [6] and Beltran
& Pardo [2] show upper bounds of the form ¢ - deg X - (¢/B)*™ on
the density of complex e-tubes inside the B-neighborhood of 0, where
¢ does not depend on € or B > €. In the real case, 2m is replaced
by m. Often it is sufficient to consider B = 1. Lower bounds, with
various values for ¢, are also available. [24] uses the third notion and
shows in his Theorem 4A an upper bound of k(e/ B)2 for the hyper-
surface of monic squareful univariate polynomials of degree k in C*.
These papers investigate the condition number which is large for in-
puts at which (iterative) numerical methods behave badly, such as the
matrices close to singular ones for matrix inversion or the (univariate)
polynomials close to squareful ones for Newton’s root finding method.
These hypersurfaces are also the topic of [23].

Yet another notion is the 2d-dimensional volume of a d-dimensional
variety in a complex affine space. Demmel [6], Section 7, provides
bounds on this volume.
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We study the density of tubes around the (affine closed, usually
reducible) variety of decomposable univariate polynomials. An isomor-
phism with an affine space (Theorem 2.2) suggests a preferred (con-
stant) direction in which to attach e-neighborhoods, thus following the
third one of the recipes sketched above.

Cheung, Ng & Tsang [5] also consider decomposable polynomials.
They bound the density of a hypersurface containing them, using the
third notion. This provides, by necessity, a weaker bound than ours.

This paper is organized as follows. Section 2 presents a decompo-
sition algorithm which is central for our approach, and results on the
dimensions and degrees of various varieties of decomposable polyno-
mials. Section 3 discusses bounds on the growth of coefficients in the
decomposition algorithm mentioned above. These bounds are asymp-
totically optimal in a certain sense. Section 4 defines our tubes over R
and presents upper and lower bounds for the resulting density (Theo-
rem 4.6). Section 5 considers the analogous problem over C. Section 6
takes up the above discussion of other notions of tubes and of related
work, with some more detail.

2. THE NEWTON-TAYLOR DECOMPOSITION ALGORITHM

It is well known that we may assume all three polynomials in (1.1)
to be monic (leading coefficient 1) and original (constant coefficient 0,
so that the graph contains the origin). All other compositions can be
obtained from this special case by composing (on the left and on the
right) with linear polynomials (polynomials of degree 1); see, e.g., von
zur Gathen [12].

Thus we consider for a proper divisor d of n and e = n/d

P,(F)={f € Flz]: deg f =n, f monic original},
Tnd: Pa(F) X Pe(F) = Po(F) with y.4(g,h) = g o h,
Croa(F)={f € P,(F):3g,h € Py(F) x P.(F) f=goh}
=im Yn.,d>
21)  Cu(F)= |J Cual(F).
ag{m)
P,(F) is an (n — 1)-dimensional vector space over F' and C,(F') is the
algebraic variety of decomposable polynomials. We drop the argument
F when it is clear from the context. When n is prime, then C,(F) is

empty, and in the following we always assume n to be composite.
We recall the decomposition algorithm from von zur Gathen [10]. It

computes fyrjil(f) for f € C, 4 by taking the reverse f = z™ - f(z71)
of f and computing its dth root h modulo z¢, via Newton iteration
with initial value 1. Thus A% = f mod z¢, degh < e, and h(0) = 1.
Then the reverse h = z° - iz(:fl) of h is monic original of degree e
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and is the unique candidate for the right component. The Newton
iteration is well-defined unless char(F’) divides d. Like any polynomial
of degree at most n = de, f has a (unique) generalized Taylor expansion
[ =>0<j<q Gl around h, with all G; € Flz] of degree less than e.
Then f € C, 4 if and only if all G, are constants, and if so, indeed
f =goh with g = Zo<j<d G;27. We call this the Newton-Taylor (NT)
method for decomposing. This computation expresses each coefficient
of g and h as a polynomial in the coefficients of f, as illustrated in
Example 2.1. Tt can be executed with O(nlog®nloglogn) operations
in F'. For more details on the computer algebra machinery, see Section
3, the cited article, and von zur Gathen & Gerhard [14], Sections 9.2
and 9.4.

When f is known to be in C), 4 and h has been calculated from its e
highest coefficients, then only the coefficients of f at powers z’ with d
dividing ¢ are needed to compute g. We let N = {1,2,...,n—1} be the
support of a general f € P,,. The NT method only uses the coefficients
fi of f at 2* for those i € N which are in the Newton-Taylor set

NT,={n—-1,....n—e+1}U{ie N:e|i}.
We also take the complement ¢cNTy; = N \ NT;. Then
#NT,=n/d—1+d—1=d+n/d -2,

(2.2) mg =#cNTy=n—d—n/d+ 1.
1 ® @@ O O -+ + + O + .+ e 0O e a0 e e O
20 16 12 8 4

F1GURE 1. The Newton-Taylor set for n = 20 and d = 5.

Example 2.1. For n = 20, d = 5, and e = 4, we have NT; =
{19,18,17,16,12,8,4} and #NT5 = d +n/d — 2 = 7. The leading
and trailing coefficients of any f € Py are fixed as 1 and 0, respec-
tively. The bullets and open circles in Figure 1 are positions of coeffi-
cients used in the Newton and Taylor algorithms, respectively. Using
the binomial expansion (also known to Newton) instead of the Newton
iteration and u = figx + figx? + fir23, we find

h =14 hgx + hyz? + hya® = (1 +u)'/?

1/5\ , 1 2 6 4 4
= =14+ -u—— — d
;(E)u —|—5u 25u—|—125um0 z-,

h = 1'4 + h3.§lf3 + h21’2 + hl.’lf

ot Jio ran —2f7 + 5 f1s e 6/ — 20 f1sf10 + 25 f17 .
) 25 125
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Now

1
91 = fio = 7= (2Lfiy = 90f1s iy + 507 + 100 iz fro)

is the coefficient of '® in f — A°. Similarly, g; for j = 3,2,1 is de-
termined as the coefficient of % in f — 37, - gih*. These four
coefficients of g have degrees 4, 8, 12, and 16, respectively, in the
NTs-coefficients of f.

To complete the picture, one can express the twelve cNT5-coefficients
of f € Cy 5 as polynomials in the seven NT-coefficients. The polynomi-

als have the following degrees at «'°, 24, 283, 2! ...

5,5,7,9,10,11,13,14,15,17,18,19. The Bezout number that is, the
product of these degrees, is much larger than the bound in Theorem
2.2 below.

Using these facts, we give a geometric description of C), 4.

Theorem 2.2. Let d be a proper divisor of n and assume that char(F")
does not divide d. Then C,, 4(F) = im~, 4 ts a closed irreducible al-
gebraic subvariety of P,(F) of dimension d + n/d — 2 and codimen-
sion mgq. The Newton-Taylor method provides a polynomial section
Und: Cna = Py(F) X Ppja(F) of Yna. Furthermore, v, q and vy, q are
defined over Z and Z[d™'], respectively. For f = > ... fix" € Cya,
Una(f) depends only on the coefficients f; with i € NT,. The degree of
Ch.a is at most d4/4=2,

Proof. Let e = n/d. To show that C, 4 is closed and irreducible, we
embed P, (F) = {(fu_1,-.-, f1) € A" YF)} in P 1(F) via

(fﬁ—la---aji) — f'::(l: fn_li... :f&)

The projective version 4, 4 of 7,4 is then

Vnd((9a : ga—1: -2 g1), (he t he—yt .2 hy))
- Y g e B)
1<5j<d

where h = >, _,.. hex’ and, with a slight abuse of notation, h’ stands
for the (projective) vector of n coefficients of the polynomial A7. This
vector is homogeneous in the variables h, of degree j.

The scalar extension of 7, 4 to P©L(F) x Pe=Y(F) — P 1(F) is
well-defined, where F is an algebraic closure of F. As this extension is
a closed mapping which is defined over F', we conclude that %, 4 is also
a closed mapping. In particular, C, 4 = im %, 4 is closed in P"~1(F).

We now show that C,4(F) N A" 1(F) = C,4(F). The inclusion
Cpa(F) C Cpa(F)NA"L(F) is clear. For the other inclusion, we take
some f € Cp4(F)NA"Y(F) and g € P~Y(F) and h € P*"}(F) with
f=goh. Since f € A" Y(F) = P,(F), the leading coefficient of f (at
2™) is nonzero. We normalize f so that this coefficient equals 1. The
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coefficient of go h = > i<j<d g;h&=IRI at ™ equals g4 - lc(h?) = gq - hd.
It follows that ggh. # 0. After normalizing g and h by dividing by their
leading coefficients, we obtain polynomials g € P;(F') and h € P.(F)
with f = g o h. This shows the desired inclusion and the claim that
Ch.a is closed in P,. Furthermore, as P;(F') x P.(F') is irreducible, it
follows that C), 4 = im 7,4 is also irreducible.

We prove the degree estimate. The existence of the section v, 4
implies that dim C,, g = d + e — 2. Let Hy,..., Hj1.—2 be hyperplanes
of Pn(F) with #(Cn,d N H1 N---N Hd+e—2) = deg Cn,d- Let S = Cn,d N
HiN---NHgpea. Then #S5 = degC, 4 and

Y S) = Yo g(Hy) O - Ny y(Hoge o).

The polynomial map -, 4 consists of n —1 integer polynomials in the
coefficients of g and h, all of total degree at most d. Furthermore, for
each ¢ < d+e—2 there exists a linear combination w; of the polynomials
which define the coordinates of v, 4 so that v, L(H;) = {w; = 0}. There-

fore, degy,, L(H;) < d and, by the Bézout inequality (see, e.g., Heintz
[18], Fulton [9], Vogel [25]), it follows that deg 7;’;(8) < 2. Let
Tma(S) = U< i<k Xj be the decomposition of v, 1(8) into irreducible
components. Since vy a(7,,. 1(8)) = S and each irreducible component
X, of 7;’;(5) is mapped by 7, 4 to a point of S, we deduce that

deg Cpa = #S <k < ) degX; = degn, 4(S) <d™*™

1<j<k

The Newton and Taylor algorithms are integral algorithms, except
that divisions by d occur in Newton iteration. U

This precise description of C), 4, with the section v, 4, is the basis for
our bounds on the real and complex densities that we consider.

The convex function d + n/d of d assumes its maximum among the
proper divisors of n at d = ¢ and d = n/{¢, where ¢ is the least prime
number dividing n; see von zur Gathen [12]. Thus the two “large”
components of C), are C, ¢ and C,, /¢, unless n = ¢?, when they coin-
cide. We will deal with the other components of smaller dimension at
the end of Section 4.

We also want to show that the sum of the two “large” densities
bounds the density of C,, from below. To this end, it suffices to prove
that the intersection of the two components has small dimension. Since
both are irreducible, it suffices to show that they are distinct. This fol-
lows easily from Ritt’s Second Theorem. In fact, the following geomet-
ric variant of the normal form for Ritt’s Theorem in von zur Gathen
[13] provides precise bounds.

Theorem 2.3. Let n, d, and e = n/d be as above, with e > d > 2 in
addition, 1 = ged(d, e), s = |e/d| and F a field of characteristic either
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0 or coprime to n. Then X = C, 4(F) N C,(F) is a closed algebraic
subvariety of P,(F).

When d > 3i, then X has exactly two irreducible components, one
of dimension 21 + s — 1 and another one of dimension 2i, and the
intersection of the two is irreducible of dimension 2t —1. When d < 2i,
then X s irreducible. It has dimension d +e/d — 3/2 if d = 2i, and
dimension 2d +e/d — 3 if d = i.

In all cases, dim X < dim C,, 4(F) = dim C,, (F).

Proof. We first assume that d > 2i. Theorem 6.3 from von zur Ga-
then [13] provides, expressed in geometric language, two polynomial
functions

Qexp: Py X F* X F' X P; = P,
OétrigIPiXFXFXPZ'—)Pn,

so that X = im ey, U im oyyie. Here ezp stands for exponential and
trig for trigonometric collisions. More precisely,

o (1, W, @, v) = w0 (U5 i (liyylal o,
Crig (U, 2,0, 0) = wo Tz, 2) W 0 0.

Here T, is the Dickson polynomial of degree n, closely related to the
Chebyshev polynomial and satisfying T,,(x,0) = 2. The monic (but
possibly not original) polynomial w = > _,., w;z’ of degree s corre-
sponds to the vector (wy_1,...,wy) € F°, with w, = 1. The original
shift pl?l of a polynomial p € F[z] by a € F is (z — p(a)) opo (z + a).
Furthermore, aeyxp, and ouig are injective, dimim ey, = 2+ s — 1, and
dimim ouig = 2¢. If d = 27 then im oy, € iM Qrexp. Otherwise we have

d > 3¢ and
M Qlexp M IM i = P 0 (:L’"/ZQ)[F] oP;
= {uo ((z+a)”" —a¥")ov: u,v € P,ac F}

has dimension 2¢ — 1. For the dimension inequality in this case, we
have 2t + s — 1 <d+e/2—-1<d+e—3.

When d = ¢, the same Theorem 6.3 shows that C,, ;N C, . = P, o
P, 40 P; is irreducible of dimension 2i+s—3 = 2d+e/d—3 < d+e—2 =
dim (), 4. For more details, see the cited paper. O

The main point here is that the dimension of this intersection is less
than the dimension of its two arguments.

3. BOUNDING THE HEIGHT OF f, g, AND h

For the lower bounds of Theorems 4.5 and 5.1 below, we analyze the
coefficient growth in the Newton-Taylor method. We start by making
more explicit the form of f, g, and h in terms of the Newton-Taylor
coefficients of f = g o h. Recall that n = d - e are the degrees.
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Following the approach of Section 2. we consider u =), <ice wrt =
Y icice fnitt = f—1 mod z¢ and v = > ocrce Uext with v4 =1+
u mod 2° and v(0) = 1. The binomial expansion, as in Example 2.1,
says that

(3.1) v=(1+u)""= )" (‘%d) u’ mod z°.

0<ft<e

Then we call h = 2¢ - v(2x™!) the reverse of v. This differs slightly from
the usual reverse z4%¢? . v(x~1), since degv < e.

The Taylor iteration determines the coefficients of g = 37, g7
as follows. We have g4 = 1, and for j =d —1,d—2,...,1, g; is the
coefficient of z/ in f—=>"._, , geh*. Finally, f =37 ., fiz' = goh =
2a<j<a9ilt

We first determine the “degrees” of h, g, and f in terms of the NT-
coefficients of f. More precisely, if we consider the coefficients f; with
i € NT, as variables, then the coefficients of f (with i € ¢cNT}), g, and
h are polynomials over R = Z[d~!] in these variables. In order to make
this rigorous, we introduce the generic polynomial FNTe = ZieNTd F2t
in the set FN' = {F;: i € NT4} of indeterminates.

Since all three polynomials are monic, we also set F,, = Gy = H, =
1 € Z; these are not indeterminates. We imitate the above equations,
but now in the new indeterminates rather than the coefficients of f.

U= Ua'=> F_a

1<i<e 0<i<e
1/d

V= Z ( é )Uemodxe,

0<tl<e
H = Z Hyxt = reverse of V,

(3.2) 1<t<e

G = Z G;z!, where

1<5<d

G = F.; — (coefficient of % in Z G H"),
j<k<d

F=> Fa'= > GH =GoH.

1<i<n 1<j<d

All five quantities are polynomials in R[z, F~¢], where R = Z[d™'];
for V', this follows from the formula for linear Newton iteration, which
involves division only by d. F', G, and H are monic original, and each
of their coefficients Hy, G, and Fj is a polynomial in R[F~"4]. The
G; are well-defined for j =d,d—1,...,1, and all F; that occur in the
first and fourth equation have ¢« € NTy. It is convenient to express the
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degrees under consideration using the (unusual) grading gr(F;) =n —1
for 2 € NT\.

Proposition 3.1. The polynomials are homogeneous of the following
grades.

(i) grU; =i for 1 <i<e,

i) grVp =0 for 0 </{ <e,

(i) grHy=e— L for1 <l <e,

(iv) grG; =n—ej for1 <j <d,

(V) grF;=n—1i for1 <i<n withi ¢ NT,.

Proof. (ii) We have V, = 1, and for £ > 1, V} is the coefficient of x¢ in
the sum defining V. Since U is divisible by z, this coefficient is a sum
of terms U,,, Uy, - - - Uy, with r < £ positive integers my, ..., m,, and
mi + mg + -+ -+ m, = {, where we leave out the binomial coefficients.
In particular, grV; = £ or V; = 0. Furthermore, F_| occurs in U{ and
in V' with nonzero coefficient (%d).

(iii) In the reverse H = 2¢ -V (z7!) of V, we have gr Hy = e — /.

(iv) The claim is shown by downward induction on j from d to 1.
For j = d, we have G4 = 1, of grade 0. For 5 < d, the contribution of
FNTa o G; has grade n — ej. A summand GH" contributes terms of
the form

G- Hy, - Hy,
with positive integers ¢1, ..., 0y and /14 - -+ = ej. The grade of such
a term equals the sum of the grades of its factors, which by induction
isn—ek+(e—¥{)+ -+ (e—¥{;) =n—ej. Finally, F; occurs in G;
with nonzero coefficient 1.

(v) Fi is the coefficient of z* in 37, , G;H’. Similarly as for (iv),
a summand G;H’ contributes terms of the form

G Hpyy - Hp,

with m; +---4+m; = i. The grade of such a term is n —ej + (e —mq) +
.-+ (e —m;) = n —i. Furthermore, as F,; occurs only in the summand
G;HY, cancelation cannot occur unless H’ = 0 for every j. U

For a polynomial f = Y. fiz" € Clz] with all f; € C, we consider
its height (or infinity norm) || f|| = max; |fi|. For f € C, 4, we denote
as fNTa € C™ the vector of those coefficients of f whose index is
in NTy, and by || fNT4|| its norm. Proposition 3.1 (v) implies that
Ifll = O(]fN||"). Next we bound the coefficient implicit in this
estimate. We start by considering v and v.

Lemma 3.2. Let d,e > 2 be integers, 0 < { < e, A > 2 a real number,
u,v € Clz] with u(0) = 0, v(0) = 1, degu,degv < e, |Jul]| < A, and
v? = (1 +u) mod x¢. Then the following hold.

() [Jufll < (eA)",

(ii) vo = 1 and |ve| < (eA)* for £ > 1.
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Proof. (i) Since u =, .,_, w;z' is a sum of at most e — 1 summands,
the expansion of u* contains not more than (e — 1)¢ < e’ summands,
each of which is absolutely at most A’

(ii) Equation (3.1) holds for v, and v, is the coefficient of x¢ in

(3.3) v=(1+rui=Y" (%d) um =1+ Dzt 0@?).

d
0<m<e

Now (1(/]d) =1, and for m > 1 we have

‘(l/d)‘:‘(1/d)~(1/d—1)~-~(1/d—m+1)‘

m m!

1-(1—d)---(1—(m—1)d)‘< d-2d---(m—1)d 1
dm - m! dm - m dm

For C' > 4, we have Y., _,C™/m < 2C*/{, as follows by induction

on ¢ > 1. Since d,e > 2 and u™ with m > ¢ does not contribute to vy,
we also have

1 1 1 (eA)’
< — ™ < = — m<L .
< 3 <5 Y e <G

1<m<¢ 1<m<¢

t

Proposition 3.3. Let d,e > 2 be integers, f,g,h € Clz] be monic
original polynomials of degrees n = de, d, e, respectively, f = go h,
and || fNT|| < A with A > 2. Then the following hold.
(i) |he| < (eA)™ for1 <l <e,
(i) |g;| < - DA@TVR( Ay for 1 < j < d,
(iil) | f;] < 2e@H+D2(eA) for 1 <i <n withi & NT,.

Proof. Since h is the reverse of v, Lemma 3.2 (ii) implies the claim (i).
For (ii), we have g4 = 1 and

g; = coefficient of z in f — Z gkh”

j<k<d

for 1 < j < d. Since ej € NT, the required coefficient of f occurs
in fNT. We first bound the coefficient of 2% in h* = (3, hex®)*
for 1 < i < n. Tt is the sum of terms hy, - - - h,,, with integers 1 <
my,...,mp < eand my; +---+ my = i. By (i), each such term is
bounded in absolute value by (eA)=m1)~(=m) = (e A)*~i  Since h is
a sum of e monomials, there are at most e such terms that contribute
to the coefficient in question. Except for i = n and k = d, the choice
mp = --- = my = e does not contribute. Thus the absolute value of
this coefficient of 2’ is at most

(3.4) (€" — 1)(eA)—.
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For 1 < j < d, we have with ¢ = ej that

(3.5) gl <A+ 3 Jgel(e - D(ed) .

j<k<d
In (ii), we claim that
(3.6) |91 < bj(eA)"™

with b; = e(@=)@H+D/2 We have g4 = by = 1 and by;_; = e?. First,
we show that >, _, br(e® — 1) < b; by downward induction for j =
d—1,...,1. For j=d—1, wehave e — 1 < e? =by_;. For j <d—1,
we find

Dbl == 3 bl 1) b - 1)

j<k<d j+1<k<d
j+1
<bj1 b (e = 1) = by

We will absorb the lonely term A in (3.5) into the summand for
k = d — 1. First, we note that

(3.7)

2 1 o< (2
e
e—1 - ’

since e > 2. (In fact, (3.7) holds for e > 1.55.) This implies that

(3.8) A + A <1
' (ed=1 —1)(eA)— = (eA)e —

for j < d, since (3.7) is the special case d = 2, j =d—1, A = 2 of
(3.8), the left hand side of (3.8) is monotonically decreasing in d and
A and increasing in j, and the special case takes the extreme values of
d, j, and A under our assumptions. In turn, this means that

A

(T = D)eA) | (A+ (e® = 1)(eA))(eA)™" < € = by

By (3.5), we have |gq_1| < A+ (e? — 1)(eA)°, and thus
At ]ga-al(e™ = 1)(eA) 7

d—1 e n—ej A
39) = (e (G ey
+ (A+ (e’ = 1)(eA)*)(eA)™)

< bgq (e —1)(eA)" .

We finally prove (3.6) by downward induction for j = d,d —1,...,1,
using (3.5) and (3.9). The cases where j € {d,d — 1} are clear. For
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j < d— 1, we separate the summands for k£ € {d,d — 1} and find

gl S A+ Y gel(e® = 1)(eA)

j<k<d

= A+ (e = 1)(eA)" 4 |gg_1| (et = 1)(eA) ¢
+ > gl (eF = 1)(ed)Fed

j<k<d-2
< Z bk(eA)n—ek(ek _ 1)(6A)ek—ej
j<k<d
= (eA)" 9 > bp(eb —1) < bi(ed)" .
j<k<d

(iii) Since f; is the coefficient of #* in 37, _;, g;h, we find from (3.4)
that
‘fz‘ < Z e(dfj)(d+j+1)/2<eA)nfej . €j(€A)ej7i

1<j<d

— D2 (i §T I/,
1<j<d
The exponents in the sum are pairwise different, so that its value is at
most the complete geometric sum, of value e/(e — 1) < 2. O

According to Proposition 3.1, all f; (with ¢ € ¢cNTy), g;, and hy
are homogeneous of grades n — i, n — ej, and e — £, respectively. This
implies that the exponents of A in Proposition 3.3 cannot be improved.
However, the exponents of e are less precisely determined.

Corollary 3.4. Let A,B > 2 and f = goh € C,q4 with g and h
monic original of degrees d and e, respectively, and ||fNT]| < A <
BY/n jel+(d+1)/2¢ - Then the following bounds hold.

(i) [[A]] < (eA)=,
(i) [lg|| < el (e A)ne,
(iii) Hf” < 2€d(d+1)/2<eA)n—1 < ed(d+1)/2<eA)" < B.

4. DENSITY ESTIMATES FOR C, 4(R) AND C,(R)

In this section we consider the set P,(R) of monic original polynomi-
als of composite degree n with real coefficients and the subsets C,(R)
and C,, 4(R) of P,(R) for a proper divisor d of n. Our aim is to obtain
density estimates on tubes around C, 4(R) and C,,(R). We drop the
field F' =R from our notation in this section.

We identify P, with R"~! by mapping 2" +a,_12" ' +---+a1x € P,
to (an_1,...,a1) € R" . As shown above, C,, 4 is an affine real variety
of dimension d + n/d — 2. In particular, C, 4 has codimension at least
n/2, and thus its (standard Lebesgue) volume is 0. For a meaningful
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concept, we take a specific e-tube around C), 4. Namely, for each f =
Z1§i§n fiz* € Cp 4 and € > 0, we define the e-neighborhood of f as

Ulf) = {u = Z uir' € Py(R): u; = f; for i € NTy,

1<i<n
lu; — fi| < e for i€ cNTy}.
Thus U (f) is an open mg-dimensional hypercube (—¢, €)™ in P,.

Around each coefficient f; with ¢ € ¢cNT,; we have a real interval of
length 2e. We also set

(4.1) Ud(Cna) = | U)).
f€Cna

In order to have finite volumes, we take a bound B > 0 on the
coefficients and consider the (n — 1)-dimensional hypercube

Pop={f= Z fix' € Py |fi] < Bfor 1 <i<n}
1<i<n
around P, and its intersection with the e-tube
Ue,B(Cn,d) = UE(Cn,d) N Pn,B-

Our main purpose is to obtain estimates on the density den, g(C}, 4) of
the e-tube in P, 5, namely

vol (UeB(Cr.a)) _ vol (Ue,g(Chpa))
vol(P, p) n (2B)n—1

In a slightly different model of our situation, we might allow arbitrary
leading coefficients in our polynomials, rather than just 1. It would
then be sufficient to just consider the unit hypercube with B = 1
and scale the resulting density. However, our approach is overall more
convenient and allows an easier comparison with previous work; see
Section 6.

(42) denE,B(Cmd) =

Example 4.1. For perspective, we calculate the density of the lin-
ear subspace L = R* x {0}"* C R™. For x# € L, we take U (z) =

{(x1,...,26)} X (—€,€)" % and have, for B > ¢,
U(L) =R x (=€, e)" ™",
(4.3) vol ((—B,B)k X (—e, e)”’k) € \n—k
dene(L) = (2B)n - (E) '

Let x: P, 5 — {0,1} be the characteristic function of U, 5(C,, 4) C
P, p. Then the density is

1
den, p(Cpq) = W/P x(a)da.

For a subset S C N of cardinality s, we consider the projection
7 R""1 — R® onto the coordinates in S: 7 (a,_1,...,a1) = (a;: i €
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S). Furthermore, for a subset C' C B,, we write C* for 79(C). By
reordering the coordinates, we can express the hypercube P, p as the

- NT NT : .
Cartesian product P, p = P, z*x P; 5. According to Fubini’s theorem
we have

VOI(UQB(Cn,d)) = / x(a) da

Pn,B

:/ </ X<aNTd’acNTd) dacNTd> daNTa
NT, pNTq
Pn,B n,B

are the coordinates of a € P, p in the product rep-

(4.4)

Here (aNTa, qNTe)

. .. NT
resentation, and a™1¢ refers to a point in P, 5?

Lemma 4.2. Let0<e< B and b € P,igd.
(i) We have

/PCNTd X (b, c) de < (2¢)™4

n,B
where ¢ ranges over nyﬁgTd.
(ii) Let f € C,q be the unique element with 7wV%a(f) = b. If

U(f) € P, then equality holds in (i).

Proof. The existence and uniqueness of f follow from the section v, 4:
Chn,a — Py x P,jq (Theorem 2.2). For any c € Pﬁ}\gd, we have

X(b,c) =1<«= (b,c) € U.g(Cyq) <= (b,c) € U(f) N P, B.

Therefore
/ e x(b,c)dc §/ de = (2¢)™.
Pog* Ue(f)
If U(f) C P, p, then equality holds. This shows both claims. O

We derive the following upper bound on the density of C, 4.

Proposition 4.3. With notation and assumptions as above, we have

den, 5(Cha) < (é)md

Proof. Combining (4.4) and Lemma 4.2, we obtain

vol (U, / x(a
,B
/ (/ . (aNTd7aCNTd)daCNTd> dCLNTd
cNT,

NTd
m NT,; m n—1-m,
/ o (2¢)m4daNTa = (2¢)™e(2B)" 1M,

=

IN
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Using (4.2), it follows that

i s B (e

Now we derive a lower bound. We set
(4.5) g = (d/n)tTddHD/2n
and Ap = a, ¢4BY". From Corollary 3.4 (iii), we know that if B >

(2/anqa)" and f € C,4 is such that fNTe € szdB,ea then U.(f) C
UE,B(Cn,d)-

Proposition 4.4. With notation and assumptions as above, and as-
suming that B — € > (2/a,.q4)", we have

e\ [y q(B —e)t/m a2
> = : .
dene,5(Cna) 2 (B) ( B

Proof. We let
V= U Ue(f) g UE,B(Cn,d)

NT
{fECna:fNTaeP) )4}

and x.: P, g — {0,1} be the characteristic function of V. Since V' C
Uep(Cha), it follows that x.(a) < x(a) for every a € P, p. Using
Lemma 4.2(ii), we find

/P - X@da / xdayda

n

_ NTd CNTd CNTd NTd
- /NTd </CNTd Xe(a™ 4, a" ) da da
P P

n,ApB_¢ n,B
= /NTd (2¢)™daNTe = (2¢)™d (QAB_E)nflfmd.
Pn,A37

Dividing by vol(P, ) = (2B)""! and using (2.2) yields the claimed
bound. 0

We summarize the results of Propositions 4.3 and 4.4 as follows.

Theorem 4.5. Let 0 < € < B be as in Proposition 4.4 and let d be a
proper divisor of n. Then we have the following bounds on the density
of the e-tube around C,, 4(R):

n—d—2+1
Cd<€7 B) ' <%) ’

% n_
where Cd(e, B) = (%(%)1+‘1(‘;—;L1))d+d 2‘

)

€ nfd*%“rl
< den.5(Cra(®)) < ()
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We thus have good bounds on the irreducible components of C), in
(2.1). How to get such bounds for C,, itself? In Theorem 4.5, we
consider e-tubes around (), 4 of a direction and a dimension that varies
with d. For C),, it seems appropriate to consider e-tubes of the same
dimension for all d, as follows.

We let ¢ be the least prime number dividing the composite integer
n. If n = (% then C, = C,, has just one component. Otherwise,
Theorem 2.2 shows that C,(R) C R"! has two “large” components,
namely C,, and C, /¢, each of dimension ¢ +n/l —2 = dim C,,. As
a consequence, for the density of C, we consider e-tubes of the same
dimension m;, = n — 1 — dim C}, around each component of C,,. For
a proper divisor d € {¢,n/¢} of n, we have dimC, 4 < dimC,, and
thus dim C,, 4 +my < n — 1. Then any m,-dimensional e-tube around
Cy.qa has volume and density equal to zero. Furthermore, Theorem 2.3
implies that the sum of the two “large” densities bounds the density of
C,, from below. In other words, we define vol, 5(C,,) = vol(U, g(C,0) U
Ue,B(Crnse)) and den, g(Cy) = vole g(Cy)/ vol(P, ). Setting

(46) 5_{1 itn =2,

2 otherwise,
we obtain the following result.

Theorem 4.6. Let 0 < € < B be such that B — € > (2/a,4)" and let
¢ be the least prime number dividing the composite integer n. Then

€ >n€n/€+1

once(e, B) (E

€\ n—{—n/l+1
< den,5(Cu(R)) < 6, (5 )

The approximation factor ¢y(e, B) in the lower bound tends to a
constant smaller than 1, depending only on n, when ¢/B gets small

compared to n.

5. DENSITY ESTIMATES FOR C,, 4(C) AND C,,(C)

In this section, we take F' = C and consider the real volume on
P,(C) as a (2n — 2)-dimensional real vector space. We discuss briefly
the density estimates we obtain for C,, 4(C). The approach is similar to
that of Section 4; therefore, we merely sketch the proofs and summarize
the results we obtain. We drop the field F' = C from our notation.

As in (4.1), we take an e-tube around C, 4, namely given f =
S icien Jitt € Cyq and € > 0, we define the (complex) e-neighborhood
of f as

Ulf) = {u: Z wxt € Py:u; = f; for i € NTy,

lu; — fi| < eforie CNTd}.
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Thus U.(f) is an open mg-dimensional complex polycylinder in P,, of
real dimension 2mg. Around each coefficient f; with i € cNT, we have
a real circle of radius € and area me2. For B > 0, we set

U(Cra) = | U),

fecn,d
me:{f: > fial € Py \fi\<Bfor1§i<n},
1<i<n

UE,B(Cn,d) = Ue(Cn,d) N Pn,B~

Then vol(P, p) = (#B*)""!. Let x: P, 5 — {0,1} be the charac-
teristic function of U, g(C,,.4). As before, we express the polycylinder
P, p as the Cartesian product P, p = P;:I gd X P;l\gd and apply Fubini’s
theorem to obtain 7 7

(5.1) vol (U p(Cn.a)) :/ (/ X(aNTd’acNTd)dacNTd> daNTa
P ;d PCNTd

N
n, n,B

For an arbitrary element b € P}j gd, there exists a unique f € C,, 4

with 78T (f) = b by Theorem 2.2. Then the function (b, fN'¢) takes
the value 1 on an mg-dimensional complex polycylinder of radius e
whose center is the vector of coefficients of f corresponding to indices
in cNTy. As a consequence, we have

vol (Ue p(Croa)) = /N (re2)mdaNTa < (7)™ (r B2y 1-ma,
Py
This yields the complex analog of the upper bound of Proposition 4.3:
VOI(Ue,B(Cn,d)) (i)de
(ﬂ-BZ)n—l — \B ’
On the other hand, for a lower bound we consider as in Proposition 4.4
the characteristic function x.: P, 5 — {0,1} of the set

ve U U CUs(Cra)

feCnydﬂPn,

denE,B(Cmd) =

AB—e

for e < B, where Ap_. = o, 4(B — e)% and o, 4 is defined as in (4.5),
and argue as before to obtain

vol(U. 5(Cy.a)) > vol(V)) > (me®)™ (1 (vp.a( B — 6)%)2)d+%_2’

provided that B — e > (2/ay.q)"™.

Finally, in order to obtain a meaningful notion of density of C,,
we consider, as in Section 4, the e-tube U, p(C,) = U.p(Chs) U
Uen (Cmn/g) around C,,, where ¢ is the smallest prime divisor of n.
Summarizing, we have the following results on the density of these
tubes.



18 VON ZUR GATHEN & MATERA
Theorem 5.1. Let 0 < € < B, n be a composite integer, and 6, as in
(4.6).
(i) Let d be a proper divisor of n and B — € > (2/ay,.q)". Then
€ >2(n—d—g+1)

€\ 2(n—d—2+1)
aeB)(5) 1 Sdenes(Cuul©) < (5

where dj(e, B) = ((B — e)%B*I(%)”id(gzl))z(“%d).

(i) Let ¢ be the smallest prime divisor of n and B —e > (2], 0)".
Then

Y

c ) 2(n—0—241)

dncy(€, B) (—

€\ 2(n——141)
5 )

< den, 5(G(C)) < b, (5

6. DISCUSSION

For an arbitrary irreducible algebraic subvariety X of R™ with codi-
mension m, we might attach a hypercube (—e¢, €)™ to each smooth point
x of X in the normal direction to X, thus following the second recipe
listed in the introduction. The singular points do not contribute to the
volume. Then this tube around X has real dimension n. In an analog
of Lemma 4.2, the coordinates in N'T; are replaced by local coordinates
at the point and those of cNT; by coordinate functions normal to them.
Instead of having a unique f as in the proof of that lemma, we only
know that the normal linear space, of complementary dimension, inter-
sects generically in at most deg X points. The resulting upper bound
then is deg X - (2¢)™.

Our construction in (4.1) of the e-tube around C,, 4 does not follow
this general recipe, since the e-hypercube in the direction of the coor-
dinates from cNT} is, in general, not normal to C, 4. It is not clear
whether one can obtain upper and lower bounds as in Theorems 4.6
and 5.1 for other choices of the e-tubes.

Cheung et al. [5] also provide bounds on the density of C,,(C). In-
stead of the precise information provided by the Newton-Taylor method
of Section 2, they use the fact that C,(C) C X for a certain hypersur-
face X and then a specific one-dimensional e-tube around X chosen to
suit their argument, following the third of the options listed in the in-
troduction. They show that den, 5(C,,(C)) < (n? —2n) - (¢/B)?, which
is to be compared with our result in Theorem 5.1.
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