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FPARALLEL ALGORITHMS FOR ALGEBRAIC PROBLEMS*

JOACHIM von zur GATHENY

Abstract. Fast parallel algorithms are presented for the following problems in symbsolic manipalation
of univariate polynomials: computing all entries of the extended Euclidean scheme of two polynomials over
an arbitrary field, ged and lem of many polynomials, factoring polynomials over finite ficlds. and the
squarctree decomposition of polynomials over fields of characteristic zero and over finite fields.

Faor the following estimates, assume that the input polynomials have degree at most n, and the finite
field has p” clements. The Euclidean algorithm is deterministic and runs in parallel time Q{log® n). All the
other algorithms are probabilistic (Las Vegas) in the general case, but when applicable to  or R, they can
be implemented deterministically over these fields. The algorithms for ged and lem wse parallel time tiil'[l'.:ug-1 #b.
The factoring algorithm runs in parallel time O{log? nlog® (d+1)log p). The algorithm for squarefree
decompesition runs in parallel time O(log® n) for characteristic zero, and in parallel time O{log® n+
(d—1}log p} for finite fields. All Las Vegas algorithms have failure probability less than 277, For all
algorithms, the number of processors is polynomial in a

K_c:.r _'lmrﬂs. parallel processing, algebraic computing, symbolic manipulation, Euclidean algorithm,
factorization of polynomials, squarefree decomposition

1. Introduction. In Borodin-von zur Gathen—Hoperoft [1982] the following pro-
gram is laid out: obtain a “theory package for parallel algebraic computations,” i.e.
fast parallel computations for the widely used problems of symbolic manipulation in
an algebraic context. In that paper, two basic problems were considered: solving
systems of linear equations and computing the ged of polynomials, both over arbitrary
ground fields.

The present paper continues this program, and fast parallel solutions to the
following algebraic problems are given: computing all entries of the extended Euclidean
scheme of two polynomials over an arbitrary field, computing the ged and lem of many
polynomials over an arbitrary field, factoring polynomials over finite fields, and the
squarefree decomposition of polynomials over fields of characteristic zero and over
finite fields.

As our model of parallel computation, we can take an algebraic PRAM (with
instructions +, —, ¥, /, constants) or the parallel algebraic computation (directed
acyclic) graphs, PACDAG for short, which we describe informally below. We will
describe the algorithms of this paper in “high-level language,” and not give actual
implementations on a PACDAG. A more formal description would follow the lines
of the discussion in Strassen [1983] of (one-processor) algebraic computation trees
and the collections that they compute.

A PACDAG has two kinds of processors and (shared) variables, “arithmetic"
and “boolean” ones. At each node of the (rooted) directed acyclic computation graph,
each arithmetic processor can either perform an arithmetic operation (+, —, *, /) on
two arithmetic variables, or access an arithmetic input variable, or fetch a constant
from the ground field. Each boolean processor can either compute the negation or
conjunction of (one resp. two) boolean variables, or it can take an arithmetic variable
x and set a boolean variable to “true” if x # 0, and to *false’ otherwise. (One can in
fact simulate these boolean computations in the ground field if a conditional division
instruction of the form “if x#0 then y=1/x" is allowed.) No write-conflicts are
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