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EFFICIENT AND OPTIMAL
EXPONENTIATION IN FINITE FIELDS
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Abstract. Optimal sequential and parallel algorithms for exponenti-
ation in a finite field containing F, are presented, assuming that ¢th
powers can be computed for free.

Subject classifications. 68Q40; 11Y16, 12Y05.

1. Introduction

In this paper, we study the complexity of exponentiation in finite fields.
This problem is important in some cryptographic applications, and has been
considered for fields Fyn. In a specific structured model, appropriate for the
problem, we derive asymptotically optimal sequential algorithms, and (exactly)
optimal parallel algorithms.

Let us first describe the model. We consider exponentiation in a finite field
Fyn with ¢" elements, where ¢ is a prime power and n > 1. Suppose that
(Bos- -+, Bn-1) is a normal basis of Fyn over a field F, with ¢ elements, so that

Bi = BY for all i. An arbitrary element a of Fy;» can be uniquely written as
a = Y o<icn @iffi with ag,...,a,_y € F,. For any j € N, we have

@ =3 aff = ¥ aifi,

0<i<n 0<i<n

with index arithmetic modulo n. Thus taking gth powers amounts to a cyclic
shift of coordinates. This may be much less expensive than a general multipli-
cation. A basic assumption for our algorithms is that computing qth powers is

for free.

This assumption can be justified in several ways:
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o In a normal basis gth powers correspond to a cyclic shift; in this form,
the assumption occurs in the literature for ¢ = 2 (Beth et al. 1986, Wang
et al. 1987, Agnew et al. 1988, Stinson 1990). We note that normal bases
are easy to find (see von zur Gathen & Giesbrecht 1990 and the literature
given there).

o In an arbitrary basis ao,...,an_; for F4n over F,, a table with the n?
entries af , for 0 < i,j < n, might be precomputed. Then ¢th powers
can be calculated with a table look-up and linear operations. (Iere, as

in the previous point, we think of an element of F,» as being represented
by its coordinates in the given basis.)

o The multiplication of two input-dependent values is often considered to be
more costly than a scalar operation, such as multiplication of an input-
dependent value by a constant, or an addition. In fact, the successful
non-scalar model assumes all scalar operations are free. Now gth powers
can be computed with only scalar operations.

o Without some assumption of this type, no good parallel algorithms are
possible, with parallel time (logn)°®). Our algorithms are arithmetic
circuits over Fyn, using arithmetic operations (in fact, mainly multipli-
cation) in Fgn. But any arithmetic circuit for powers in Fn has depth
at least n/3 (von zur Gathen 1987, von zur Gathen & Seroussi 1991), if
every operation is counted.

Thus we take as an appropriate model for the exponentiation problem arithme-
tic circuits over Fyn (using instructions +, —, %, /) with free gth powers. Note
that we have motivated the assumption of free gth powers by considering “low-
level” computations over F,, but that in the sequel we will only speak in the
“high-level language” of computing over Fn. ,

Section 2 presents an algorithm using size (= total number of multiplica-
tions) about n/log, n and depth (= parallel time) about log, n. (Size n with
depth log, n is trivial.) For ¢ = 2, this is a slight improvement of Stinson’s
(1990) result of about 2n/log, n.

In Section 3, a counting argument shows that the size cannot be improved
below essentially $n/log, n. This holds for circuits using +, —, *, or using *, /;
when all four operations are used, it has to be assumed that the circuit is
defined at sufficiently many inpats. (The algorithm actually uses only *.)

Starting in Section 4, we consider the depth in detail, and prove sharp
results. We introduce “addition chains with free multiples by ¢”, which corre-
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spond to “multiplication with free gth powers”, and analogous “addition /sub-
traction chains”. In both models, we determine ezactly the parallel complexity
of some e € N, in terms of the “sum of digits” o,(e) in g-ary representation for
addition chains (namely, [log, o(¢)]), and in terms of a similar invariant o (e)
for addition/subtraction chains (namely, [logF o(e)]), based on a “signed-digit
representation”.

For ¢ = 2, this signed-digit representation is discussed at length in Reitwies-
ner (1960) who gives an algorithm to compute 3 (e) and an optimal represen-
tation. The use of divisions for a related problem, namely modular exponenti-
ation, was suggested by Jedwab & Mitchell (1989), and they show how to find
oy (e) and an optimal representation of e (for ¢ = 2). Lengauer & Mehlhorn
(1986) and Takagi et al. (1985) use a redundant binary representation, with
digits —1,0, 1, to construct binary addition and multiplication algorithms for
VLSI implementation.

Section 5 provides an efficient way to calculate o*(e) from e, and also an
optimal parallel algorithm. This is technically the most challenging part of the
paper (Theorem 5.4). Section 6 determines the maximal value of o¥(e). In
the last section, Fermat’s Little Theorem provides a small surprise: it may be
more efficient to compute the power e + s(¢" — 1) rather than e, for some small
s; by Fermat’s Theorem, these take the same value.

2. Multiplication and free powers

We consider a standard model for algebraic computation: arithmetic circuits
(or straight-line programs), which have input gates, constant gates, and gates
for the addition, subtraction, multiplication, or division of two field clements.
We only use multiplication in this section. The depth (= parallel time = delay)
is the maximal length (= number of gates) of paths in such a circuit, and the
size (= total work) is the number of gates. We can stratify the circuit into
levels, with input and constant gates at level zero, and otherwise a gate at
higher level than any of its two inputs; the number of the highest level equals
the depth. Then the width (= number of processors) of a circuit is the maximal
number of gates at any level. Trivially, we have

width < size < depth - width. (2.1)

A basic assumption for our algorithms is that gth powers are free.
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Since a?" = a for all a € Fyn, by Fermat’s Little Theorem, we may assume
that our exponent e satisfies 0 < e < g". We take the g-ary representation of e

£ = E cgqi with 0 < ep,...,e,1 < gq.
0<i<n

Then z¢ can obviously be computed as follows:
ALGORITHM 1.

1. For 2 <€ j < q, compute z7,

2. For 1 £ i < n, compute y; = (Ie")qis

3. Return 2° = [Tocicn ¥i-

Using a binary tree of multiplications (executed from root to leaves) in
step 1 leads to depth § = [log,(g—1)], width max{2%-2, ¢ — 1 —25-1}, and size
g—2. (For ¢ = 2, the width is 0.) Step 2 is free. A binary tree of multiplications

(executed from leaves to root) in step 3 yields depth [log, n], width |n/2], and
sizen — 1.

Thus we have the following result.

THEOREM 2.1. Let 0 < e < ¢". Then 2° € Fyn[z] can be computed in depth
6 + [log, n], width max{2°=%,q — 1 — 26-1 |n/2|}, and size ¢ + n — 3, where
6 = [logy(¢ — 1)1

The idea of the next algorithm is that short patterns might occur repeat-
edly in the g-ary representation of e, and that precomputation of all such
patterns might lower the overall cost. This idea is useful for “addition chains”
(see Knuth 1982, 4.6.3, and the references given there) and for “word chains”
(Berstel & Brlek 1989), and has been applied to our exponentiation problem in
characteristic two by Agnew et al. (1988) and Stinson (1990). The algorithm
below answers positively the question about general ¢, in the last sentence of
Stinson’s paper.

We choose some pattern length r > 1, set s = [n/r], and write e =
Tocics big™ with 0 < b; < ¢ for all 5.

ALGORITHM 2.

1. Compute all ¢ for 2 < d < q.
2. Compute all z? for ¢ < d < q

3. For 0 <i < s, compute y; = (2b)7".
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4. Return z° = [Jogic, Ui

The cost of step 1 has been given above. We implement step 2 in [log, r]
stages 1,...,[log,r| as follows. For any d € N with g-ary representation
d= Zi diqi: let

w(d) = #{i : d; # 0} (2.2)

be the g-ary Hamming weight of d. In stage i, we compute all z? (not previously
computed) with ¢ < d < ¢", d # 0 mod ¢, and w(d) < 2'. Each new d in stage i
is of the form d = d; + ¢’dy, for some j > 1 and d;,d; computed before stage i.
Then _

:r:d = mdl ; (xdz)q’,

and each stage 1,..., [log,r] can be performed in depth 1.

After the last stage, we have all required powers for d # 0 mod ¢; the ones
with d = 0 mod ¢ can be computed free of charge. There are exactly ¢"—¢"~!'—1
integers d with 2 < d < ¢" and d # 0 mod ¢. Since each multiplication yields
a new z¢, the total size for steps 1 and 2 is (¢ — 1)g"~? — 1. This also bounds
the width.

Since step 3 is free, and we can use a binary multiplication tree in step 4,
we have the following.

THEOREM 2.2. Let 0 < e < ¢", 1 <r and s = [n/r]. Then z° € Fyn[z] can
be computed by multiplications and free qth powers in depth [log,(¢ — 1)] +
[log, ]+ [log, s], width max{(g—1)q"~*—1, | s/2|}, and size (¢g—1)¢" 1 4s—2.

~ For any r,t € N with n/r < 2!, we also have s = [n/r] < 2¢, and thus
[log, s| = [logy(n/r)]. If A = [log, 7], then 2*~! < r < 2* and n/r < n/2*1.

Thus logy(n/r) < log;n — (A — 1), and [log, s] < [log,n] — A + 1. For any
choice of r we have

[log, n] < [log,r] + [log, s] < [log, n] + 1. (2.3)

We give two applications of the theorem. The goal in the first application is
to minimize the size (and Corollary 3.3 below shows that the result is asympto-
tically optimal for large n up to a factor of three), and the goal in the second
application is to minimize the depth.

COROLLARY 2.3. Let q be a prime power, n > ¢°, 0 < e < ¢", and either

q 2 3 orn 2 626. Then z¢ € Fyn[z] can be calculated by multiplications and
free qth powers with the following costs:
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(i) depth [log, qn] + 2, width less than 210';'“(1 + ¢), and size less than

e (1 + €), where e = (10log, log, n + 6)/ log, n.

log, n

(ii) depth [logy(q —1)] + [log, n], width less than e (1 +€), and size less
q
than 22-(1 + e).

lugq n

PROOF. (i) We apply Theorem 2.2 with r = [log, n — 2log, log, n|. Then,
using (2.3), the depth is at most

[logz(q — 1)] + [log; n] + 1 < [log, gn] + 2.
Furthermore,

n

=] r—1 < | lugqnwﬂlugq]ngqn—'l <
(q )q _ (q )q (logq n)z )

(2.4)

s—1 < E( E ]
r  log,n—2log log, n—1

We first assume that ¢ > 3. Suppose that u,v € R are such that u,v > 1 and

I 1 -
2oEsrs gl - for all real 2 > v. (2.5)
z u
We then have log, z < log, 2, and
-1
(1_210g!z+1) 51+u-2log z+1
z z

for z > v, and hence for n > ¢” we have

logqn §1+u-210g log n+1’
log, n —2log, log,n — 1 log, n
ey 1+2ulogqlogqn+u .
log, n log, n

One checks that u = v = 5 satisfies (2.5). This and (2.4) imply the size
estimate, and the width bound follows from

n 5-0.2
~ log,n log,n’
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s 1 1 n 10log, log, n +5-1.2
=)= Sy 18 ! 71954 ;
’2] = 2((‘l L 2 log,n (1 2 log, n )

This proves (i) for ¢ > 3. If we replace log, in (2.5) by log,, then the condition
holds for u = 5 and v = 9.289, and (i) follows for ¢ = 2 and n > 626.

(ii) We let r; = 2* be the largest power of 2 not larger than r = |log, n —
2log, log, n|, and s; = [n/r;]. Thenr, < r and [log, ry] + [log, s2] = [log, n].
Furthermore, n/ry < 2n/r, and thus s; < 2s and |s3/2] < 2-5/2. The claim
now follows using the estimates from (i). O

For small values of n, the theorem will yield similar results, but with differ-
ent constants. In this paper, we study the size and depth for exponentiation in
detail; the width is considered in von zur Gathen (1992).

3. A lower bound on size

A counting argument will now prove lower bounds on the size required for
exponentiation, asymptotically matching the upper bounds from Section 2.
We first have to describe in more detail the models of computation that we
will consider. First recall arithmetic circuits (or straight-line programs), the
standard model for computation over a field F, as at the beginning of Section
2. Such a circuit o has input gates whose values are indeterminates zy,...,z,,
constant gales with values from a field F, and gates for addition, subtraction,
multiplication, and division of previously computed values. At each gate v
of such a circuit «, a rational function f, € F(zy,...,z,) is computed. A
condition is that no division by the rational function zero occurs. The size of
a is the total number of arithmetic gates +, —,*, / in c.

For our purposes the following variant of arithmetic circuits is appropriate.
We have n = 1, only one input gate vy with f,, = £ = 2, a set I' C F of
constants, and only one special output gate vy, where £ is the size of a. At each
gale v,

fo=(fu)"" 0 (fur)"™ € F(2) (3.1)

is computed, where o € {+, —, , /} is an operation, f,, and f,, are previously
computed results or constants from I', and e;,e; € N. We call such a circuit
an arithmetic circuit with free qth powers. It computes z¢ if there exists d € N
such that fgf = z°. We note that the only slightly unnatural constraint is the
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restriction we will impose on the constants; all algorithms in Sections 2 have
Ih=%

We denote by 7§ : F' — F the exponentiation function, with 7§(a) = a®.
A circuit o as above value-computes n; if there exists d € N such that for any
a € F in the execution of & under the substitution z « a, either a division by
zero oceurs (then « is undefined at a) or f,,(a)™ = a° (a.nd a is defined at a).
If & computes z°, then a also value-computes nf(a); the reverse implication
is true over inﬁnite fields, but may fail over finite fields. This is discussed in
Section 7. “Value-computing” is a rather weak notion, and hence appropriate
for lower bounds, but not necessarily for upper bounds.

THEOREM 3.1. Let ¢ be a prime power, n > q, m > n®"*6" and T C F,» with
#I' < n. Consider arithmetic circuits with free gth powers, constants from T,
and which are defined for at least m nonzero elements of Fgn. Then there exists
e € N with 0 < e < ¢" such that any such circuit value-computing 7% has size

at least
log, m 2
I :
Jlog, n log, n
Proor. Let y = #I',and T' = {e¢1,...,¢,}. Let a be an arithmetic circuit

over F' = Fn of size £ using constants from I, and free qth powers. As above,
we use f, € F(z) for a gate v. We number the gates of o as

Uy e ooy U1, Vo, U1,y 000 Vg,

with constant gates v_,,...,v_; (and f,_;, = ¢; for i > 1), f,, = z, and such
that for each ¢ with 1 < ¢ < ¢ there exist j, k,e1,e2 € Z and o € {+,—, #,/}
such that

= (fo,)"" 0 (Ju)*", =1 <4,k <i, e, e2€N. (32)
It is clear thal each circuit of size at most ¢ can be brought into this form.
Since a?" = a for all a € F and we only consider “value-c :omputing”, we may

assume that 0 < ey, e; < nin (3.2). We can normalize the circuit so that e; = 0
in (3.2), replacing f,, by

ﬂ e f qeg-l-n-—ti
— JSY Vi : ]
and reducing the exponent e; + n — ¢; modulo n, inductively for i = 1,...,£.

At gate v; with ¢ > 1, there are (y+1)%-n-4 possible choices for the parameters
J,k,ez,0, and hence there are af, most

II 4n(y +i)* < (4n)'(y + 0

1<i<t
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such circuits. Let a be such a circuit, f = f,, € F(x) the function computed,
A C F the set of nonzero elements at which « is defined, and suppose that
a value-computes 7§ for some e with 0 < e < ¢". Then #A > m, and there
exists d € N such that 0 < d < n, f(a) is defined and f(a)?* = a® for alla € A.
By Lemma 3.2 below, for each ¢ with 0 < i < ¢"/m there is at most one such
e with im < e < (i + 1)m (i.e., e is uniquely determined by f,d, ), and hence
a value-computes 7 for at most n - [¢"/m] many e’s.
We have the following inequalities:

6(log, n)® < 2log, n - log, m < 2log, n - log, m + 8log, m,

log, m - (log,n — 2) - (3log, n + 4)
< (logym — 2log, n) - 3(log, n)? (3.3)
< (logym —log,n —1)-3log,n-log,n.

Now suppose that all powers 7§ with 0 < e < ¢" can be value-computed with
size £. We may assume that ¢ < n. By the above we have

¢" < nfq"/m] - (4n)"(y + )% < n(¢" + m)/m - (16r%), (3.4)

2
Lo n) = L {38

The second inequality in (3.5) follows from m < ¢", and the last one from (3.3).
O

S 10822,,_(337?4‘.,7) log, m — log,n — 1 o log, m
— 3logyn+4 dlog,n +4 ~ 3log,n

LEMMA 3.2. Let g,h € Fn[z] with ged(g,h) =1, j € N, and A C F,n \ {0}.
Then there is at most one e € N with h(a) # 0 and g(a)/h(a) = a* for all
a€Aandj<e<j+#A.

PROOF. Suppose that (¢ — z°h)(a) = 0 for all a € A, and let
u =[] (z — a) € Fyn[z].

aEA
Then u divides g — z°h. Let v be the (monic) ged of k and u in Fya[z]. Then
v|g, hence v =1 and h is invertible modulo u. It follows that z¢ = g/h mod u.
There is exactly one polynomial of degree less than #A = degu satisfying this
congruence; this proves the claim for j = 0 (and we do not use that 0 ¢ A).

Suppose that e < j+ #A, and that (¢ — z%k)(a) = 0 for all a € A and some
d with j < d < e. Then

ul(g—2h) = (g — 2*h) = 2%h - (=" - 1)

)
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and hence u | 2°~¢ — 1. But since e —d < degu, we have 2% —1 =0 and e = d.
0

As is usual in counting arguments, the lower bound hold for “most ¢”. In
fact, given € > 0, it is easy to work out a lower bound that holds for all e with
at most € - ¢" exceptions.

In Theorem 3.1, it is unavoidable to assume that the circuits are defined at
sufficiently many elements, since 1/(2?" — z) can be computed in size 2, and

the corresponding circuit is defined nowhere and trivially value-computes TEon
for any e.

COROLLARY 3.3. Let ¢ be a prime power, n > ¢, and I' C Fn with #I' < n.

(i) If n > ¢° and either ¢ > 3 or n > 626, then any z° with 0 < e < ¢™ can
be computed in size

n (1 " 10log, log, n + 6) .

log, n log, n

(ii) Let 0 = {+,—,%} or @ = {*,/}, and consider arithmetic circuits with
operations from §), free qth powers, and only constants from I'. Then
there exists e € N with 0 < e < ¢" such that any such circuit value-
computing 7% has size at least

n 1 2
3log, n " logyn)

PROOF. The upper bound comes from Corollary 2.3 (i). For the lower bounc
we note that, in the notation of the proof of Theorem 3.1, A = Fy» \ {0} an
any (@, d) determine e uniquely except that for @ = {*,/},e=0and e = ¢"—
can both happen. Since we can assume 0 < d < n, there are at most n value
e such that o value-computes 7§. (In the exceptional case, there are exactl
two such e, since then f(a)? = f(a) = 1 for nonzero a.) Furthermore, we ca
replace the four choices for o by at most three, and thus (3.4) becomes

¢
" <n-3n) (v +0¥*<n (12713) ;
A calculation yields the bound. O

Under the hypotheses of Corollary 3.3 (ii), we obtain from (2.1) width =
least n/(3clogin) - (1 — 2/log, n) if the depth is at most clog, n.
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The upper and lower bounds have a gap of a factor of 3. To close this gap,
we observe that Algorithm 2 can be arranged so that for all i > 3¢, (3.2) has the
special form f; = f;_, *ff'_* for some j, 0 < j < i, with 8 about (log,n)~! and
a fixed k < B¢. For such artificially contrived circuits, the counting argument
yields indeed £ > (n/log, n)(1 — O((log, n)™")) for some e.

If we consider general arithmetic circuits, with +,—, *, /, at most ¢ con-
stants, and free gth powers, and the stronger notion of computing z°, then the
counting argument will again show that the size is at least n/(3 log, n)-(1—o(1))
for some e.

The following questions remain open.

o Describe a specific e so that TE . Tequires size Q(n/log, n).

o Either improve the width to o(n/log,n), or prove that the width is
Q(n/log, n), assuming depth O(log n).

o Prove that the size is not less than n/log, n + o(n/ log, n) for some e.

4. Addition/subtraction chains
with free multiples

The purpose of the remainder of this paper is to study the parallel complezily
of the exponentiation problem, with free gth powers. Only Theorem 4.1 and
Proposition 4.4 deal with general arithmetic circuits. Otherwise we consider
abstractions of algorithms using only multiplication, or only multiplication and
divisions, namely addition chains and addition/subtraction chains. We deter-
mine the parallel complexity of exponentiation ezactly in this model.

Compared to the results of Section 3, the bounds of this section have the
special appeal of being sharp and for individual ¢, and the drawback that they
refer to exact computation of z¢ (respectively e); this is partly addressed in
Theorem 7.3.

In the usual model of arithmetic circuits (without free gth powers) this
parallel complexity has been investigated: upper bounds O(log? n) are in Golo-
vanov & Solodovnikov (1987) and Fich & Tompa (1988), O(logn) in von zur
Gathen (1990), all for circuits over F,, and lower bounds Q(n log ¢) for circuits
over Fgn in von zur Gathen (1987) and von zur Gathen & Seroussi (1991).
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For e € N with g-ary representation e = 3";5¢ eiq', let

oq(e) = E €;
i>0
be the sum of digits. Thus o,(0) = 0. Note that for d,e,j € N we have
o4(e) < (¢ — 1)[log, €], and

"'q(qjd) =04(d), 0,(d+e) < ay(d) + ay(e), (4.1)

with equality in the subadditivity if and only if d; 4+ e; < ¢ for all 1.
(4.1) implies that o,(exponent) can at most double in one multiplication
(with free gth powers), and if z° is computed in depth §, we have

§ > [log, o,(e)]-

This holds for circuits with addition as well:

THEOREM 4.1. Let 1 < e < q". The depth of any arithmetic circuit over Fgn
computing x° using +,—, *, and free qth powers, is at least [log, a,(e)].

PROOF. Suppose a is an arithmetic circuit as above computing z¢. For any
f — fil _'1';‘.1 + o + f"‘ﬂ'.".t € Fqn [E] (4.2)
with ¢1,...,1; € N pairwise distinct and f; ,..., fi, € Fyn, let

UQ(f) = max{o’q(él)a £immiy Uq(it)} »

(Thus a2(2” + 22) = 3.) For any gate v of o, let f, € Fyn[z] be the function
computed at v. At an addition or subtraction gate (3.1) with o € {+,-}
we have a,(f,) < max{o,(fu,),0,(fu;)}- At a multiplication gate, we have
ao(fy) € 04(fu,)+04(fuy)- By induction on the depth, it follows that for a gate
v at depth ¢ we have o,(f,) < 2. Hence log, o,(e) = log, a,( f,,) < depth(a),
where v, is the output gate. O

A very simple type of arithmetic circuit consists just of multiplications and
gth powers, as in Section 2. Thus only powers z? are computed, for various
d € N. This type of circuit corresponds to addition chains, where each step is
an addition of two previous integers, starting with the constant 1. An excellent
survey of addition chains is in Knuth (1982, 4.6.3). Free gth powers in the
circuit correspond to free multiplications by ¢ in the addition chain. These
chains, and a slight generalization, will be our model for the remainder of the
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paper. In particular, ¢ is now an arbitrary integer at least two (except in
Proposition 4.4).

We first show how the lower bound of Theorem 4.1 can be achieved. We
expand each g-ary digit of e in unary and compute e by a binary tree of ad-
ditions, with free multiplications by ¢, using these unary digits as leaves and
ignoring g-ary digits which are zero.

EXAMPLE 4.2. Take ¢ = 8 and e = 60423, with octal representation (166007)s
and og(e) = 20. Then the following gives an addition chain of depth 5 and size
19 (all numbers are in decimal):

LIL3E 48 BMELL L UM R Bl 1 det |
Hﬂvvvvv—v—wvv?

9 2 2 9§ 92 9 513 2 3
N N et N N, e s e
11 a8, A 515 i
113 2563
60419

60423

In this example, we have used powers of 8 as late as possible. For a general
description, it is easier to use the required powers of ¢ right away, so that the
leftmost 9 in the second row above becomes a 9 - 84. In fact, we could arrange
the leaves ¢* in any order; this will be used in the proof of Theorem 4.5 below.
Formally, we build a binary tree of additions whose leaves are indexed by

I'={(i,j):i20and 1 <j < ¢},

and where the value at leaf (i, ) is ¢'. This leads, in general, to an addition
chain of depth [log, o,(e)] and size o,(¢)—1. Thus we have the following result.

THEOREM 4.3. Let e,q > 2. The minimal depth of addition chains for e with
free multiplication by q is exactly [log, o,(e)]. It can be achieved with size
o4(€e) — 1. The maximum value of a,(d) for 1 < d < ¢" is a,(¢"—1) =(¢g—1)n.

When we also allow subtractions, the lower bound seems to break down,
since the worst case of Theorem 4.3, namely ¢" — 1, can be computed in one
step (with free multiplication by q). However, the lower bound survives in the
following form. ?

An addition/subtraction chain with free multiplication by q has constants
I and —1, and each gate is an addition or subtraction of two previous values,
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each multiplied by some power ¢' of ¢, with ¢ € N. Such a chain computes e if
e = g'd for some value d occurring in the chain, and i € N.
For e € 7 define

o¥(e) = min{oy(a) + 0 (b) : a,bEN, e =a — b}. (4.3)

Similar to (4.1), we have for e,d € Z and i € N

o(e) =07 (=e), oF(d’e) =oy(e), o(d+e)<of(d)+oi(e) (4.4)
The second equality follows from the fact that any minimal representation ¢d =
a — b will have ap = by = 0 (see I in the proof of Theorem 5.4 below). Instead
of writing € = a — b, it is equivalent to consider “signed-digit representations”
e = Y i»o €iq' with digits e; from —(¢—1) to ¢ — 1. For ¢ = 2, arithmetic based
on this representation is discussed extensively in Reitwiesner (1960).

We start with a lower bound for general arithmetic circuits with free gth
powers.

PROPOSITION 4.4. Let 1 < e < ¢", and « an arithmetic circuit with free qth
powers computing z° € Fyn[z]. Then the depth of a is at least log, 0 (e) — 1.

Proor. For
f=fuz 4+ fiz" € Fla]
as in (4.2), we let
O';E(f) = max{ar;k(il),...,a'qi(i,)}.

Instead of the rational function f, € F(z) computed at a gate v, we keep
track of an explicit numerator n, € F[z] and denominator d, € F[z], with
fv = ny/d,, defined inductively in the natural way, but possibly with common
factors. For a constant or input gate v, we have n, = f, and d, = 1. At a gate
v, with w, wy, €1, 3,0 as in (3.1), we set (N;, D;) = (n’,d%") for i = 1,2, and
then

(N1 D2 =+ DlNg, DIDQ) if o= :l:,

(n,_,, du) = (NlNg, Dng) if o= *,
(NlD';, D]Ng) ifD:/)
8 = max{af:‘(nu),o'::(dv)}.

Clearly _.;;qi is invariant under gth powers, by (4.4), and one verifies that

Sy < Sy, + Sy, -
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By induction on the depth ¢ of v, this implies that s, < 2° for all gates v.

Now let v be the output gate, and 6 its depth. Then (n,/d,)?" = z° for some

d € N. Tt follows that ¢* divides ¢ and n,/d, = z¢ with ¢’ = eq~%. Write

dy = fi,z" + -+ + fi, 2™, asin (4.2); then n, = f;z"+ ... 4 fioziete,
Choose some k, 1 < k < t, with

sy = max{oy’(n,), 05 (d,)} = max{oX(ix + e'), o (i)}

Then, using (4.4), we have

o (e)=ok(¢) < oy (ix+€) + o (—ix)
< ’Zmax{dq*(nv),aq*(du)} S e ey 0

THEOREM 4.5. Let ¢,q € Z, ¢ # 0, ¢ > 2. The minimal depth of addi-
tion/subtraction chains computing e with free multiplication by q is exactly
[log, 6 (e)]. It can be achieved with size of(e) - 1.

PROOF. For the lower bound, suppose we have an addition /subtraction chain
7y computing e. At cach gate v of v some e, € Z is computed, and ¢%, = e
for some gate v and d € N. Denote by D(v) the depth of v, i.e., the length (=
number of +-gatcs) of a longest path from the start nodes (with values 1 and
—1) to v. We show by induction on D(v) that

o5 (ey) <270,

The lower bound then follows, using (4.4). The claim is clear at depth zero,
where e, = 1 or e, = —1. So let D(v) > 1. There exist gates w;, w, of ~ and
integers ty,12 € N so that

€y = qilcm + q‘.gf'wa )
and D(wy), D(w;) < D(v). For j = 1,2, choose aj,b; € N with ew; = aj — b;
and 07 (ey,) = 0,(a;) + a4(b;). Then
(¢"a1 + q"az) — (¢, + ¢2by) if v is a +-gate
8y = ; ; ; : e
(¢ a1 + q"b) — (¢ by + g™a;) if v is a —-gate
In the first case, we have

J-‘:i'b(eu) . G’q(qilﬂl - q‘izﬂz) - Jq(qilﬁl 4 quba)

<
S gglar) + og(az) + aq(b1) + a,(b2)
< 20(!01} 5 2D(wx) < 2D{'u)'
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The second case follows analogously.

For the upper bound, let e = a — b. We claim that e can be computed in
depth 6 = [log, (o,(a) + a,(b))]; see Example 4.6 for an illustration.

We write a; and b; for the g-ary digits of a and b, respectively, and expand
each g-ary digit of a and b in unary: a;; = 1fori > 0and 1 < j < q;; and
similarly for b. Let

I={(¢,5):1>0and 1 <j<b}

be the nonzero positions in the unary expansion of the g-ary representation of
b, so that o,(b) = #I. There is an asymmetry in that z 4+ y can be computed
in one step from z and y, but not —z — y. Because of this asymmetry, we
distinguish two cases.

As a first case, we consider o,(a) > o,4(b). To each (¢, j) € I we associate the
index (u;;, vi;) of a unary digit of a, with v;; < a,,;, so that these (u;j,v;;) are all
distinct. Using the construction for Theorem 4.3, we can find an addition chain
for a + b of depth 8, where at depth 1 all ¢*# + ¢* are computed, for (s, j) € I.
Replacing each such addition by ¢“# — ¢, the resulting addition/subtraction
chain computes e, still in depth 4.

For the case o,(b) > a,(a), we proceed by induction on §. In the case § = 0
(so that o,(b) = 1, a = 0), the claim is clear. So let § > 1, and choose a subset
I' C I with

#I' = min{2°-1, #1} .
Now b= 3} ¢' can be computed by an addition chain of depth &§ — 1, by
(3.5)er
Theorem 4.3. Weleta’=a— Y ¢', and note that a’ # 0 and
(i,j)eINI’

og(a) + #(I\T') < 2572,

Thus @' can be computed by an addition/subtraction chain of depth at most
6 — 1, using the first case if og(a) > #(I \ I'), and the induction hypothesis
otherwise. Finally, e = a’ — b’ is computed in depth 8.

In each case, it is easy to verify the claim about the size. O

EXAMPLE 4.6. We consider ¢ = 8,n = 6, e = 60423 with octal representation
(166007)s as in Example 4.2, with og(e) = 20 and og(e) = 7, given by the
following octal addition, according to Theorem 5.4:

*e: 166007

b: 012001
a: 200010
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Then we have the following addition/subtraction chain for e, of depth 3 and
size 6:

0Of -1{-1-110(0 | -1
L It R 0]10]1 0

S s, e s, i
T

119 —505
60423

N

%

The maximum value [n(¢—1)/2] 41 of o¥(e) for 0 < e < ¢" will be derived
in Section 6.

Note that if e < —1, then o7 (e) = 0F(—¢), and an addition/subtraction
chain for —e becomes one for e by simply interchanging the roles of the constant
gates 1 and —1. If we disallow the constant —1 in addition/subtraction chains,
using only the constant 1, then the depth may increase (e.g., from 0 to 2 for
¢ = —q'). However, at depth two we then have also e = —1 available, and thus
the depth never increases by more than two.

The proof of Theorem 4.5 shows that allowing to compute —e; — e, in one
step from e, and e; does not decrease the minimal depth.

If1,...,9 — 1 are given for free, one finds [log, w,(e)] and [log, w¥(e)] for
the minimal depth of addition chains and addition/subtraction chains, respec-
tively, where wy(e) is the g-ary weight of e as in (2.2), and wgF is defined in
analogy with (4.3).

For practical purposes, it may be advantageous to compute —1 first (i.e.,
a~! for the exponentiation problem) and then only perform additions. This
increases the size and depth by at most one.

5. Constructing an addition/subtraction
chain of optimal depth

Now that we have determined the parallel complexity in our addition/subtrac-
tion chain model, we want to efficiently exhibit an optimal algorithm. This
actually turns out to be somewhat trickier than finding the complexity.
Reitwiesner (1960) solves this problem for ¢ = 2, and in fact shows that
there is a unique “minimal” representation e = a — b in which two adjacent
positions never have both a nonzero entry (i.e., (a; + b;)(aiz1 + biy1) = 0 for
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all i), that this representation provides minimal o3 (e), and gives an algorithm
to compute this (a,b). Jedwab & Mitchell (1989) suggest the use of divisions in
modular exponentiation, and exhibit an algorithm that finds the above minimal
(a,b) and o3 (e), and also an optimal addition/subtraction chain for ¢ = 2.

By Theorem 4.5, given e € N it is sufficient to find a,b € N withe=a -5
and minimal o,4(a) + o,(b). As usual, we have an integer ¢ > 2, 0 < e < ¢",
and let (en—1,€n-2,--.,€1,€0) be the g-ary representation of e, with e = ¥ e;¢*
and €,_1,...,€ € {0,...,g—1}. We also set e, = e_; = 0. Let m = (¢—1)/2.
We define a block for e as an interval of indices B = {j,j —1,...,k+1,k} with
n>j32k20,¢€j,...,e0 2 m > €j41, € > M > €k_1, and either j > k or
ex > ¢/2. Furthermore, ¢; < m for the largest ¢ with k > i > —1 and ¢; # m.
The right endpoint of this block is k. Let

B = {i: i € B for some block B} (5.1)

be the set of all indices occurring in some block.

The definitions of this paragraph are relevant only for even ¢. An index ¢ is
a bump if i € B and e; = ¢/2. A bridge is an interval D = {j,...,k} consisting
of alternating values (g — 2)/2,4/2, (¢ — 2)/2,4/2, .. ,4/2,(q — 2)/2 beginning
and ending with (¢ —2)/2, and with j+ 1, k—1 € B and j > k. We let

D = {i:1 € D for some bridge D} (5.2)

be the set of all indices occurring in some bridge.
Furthermore, we define

B B(e) = number of blocks,
v = 7(e) = number of bumps, (5.3)
6 = 6é(e) = number of bridges.
Thus v = § = 0 for odd ¢. For a digit d € {0,...,¢g — 1}, we let
d* = d if 0 <d<(¢g-1)/2,
T lg-1-d if(g=1)/2<d<q,
and finally
ri=trle) = Z e;. (5.4)
0<i<n

We now construct a and b achieving the minimum in (4.3), by defining the
digits a; and b; of a and b, respectively, for n > ¢ > 0. We first set

((I,',b"): { (8,‘,0) lf‘l. QBU'D,

(0,9—1—e) EicBUD, (5:5)
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THEOREM 5.4. Let ¢ > 2,n € N, and 0 < e < ¢". For a,b € N with the g-ary
digits as constructed above, we have

(i) e=a-—b,
(i) qu(e) = a¢(a) + a4(b),
(iii) a3 (e) = 7(e) +2B(e) + 7(e) — é(e).

Proor. (i) Let en,cnq,...,60,c_1 € {0,1} be the carries produced in the
g-ary addition e + b, with ¢, = ¢_; = 0. We claim that for all : with0<i<n
we have

__{ 1 ifie BUD,

0 otherwise,

(5.6)

and e; + b; + ¢;_1 = ciq + a;. This will prove that e = a — b. The claims are
shown by induction on 7. For ¢ = 0 the addition is:

e: - e € = &y
b: .. 0 ifO¢B, and b: -.- g—e if0€B.
a: €0 a: 0

This proves both claims. For ¢ > 0 we distinguish cases according to the
construction.

1) If i € B is a right endpoint of a block, and i — 1 & D, then ¢;_; = 0,
c¢; =1, and

ei+bi+cii=¢+(g—e)+0=g=cig+a;.
2) If : € BUD, but not as in 1), then ¢; = ¢i_; = 1, and
eitbitcai=e+(g—e—1)+1=g=ciqg+a.
3) figBUDandi—1¢€B,then¢; =0, ¢_; =1, and
eitbitcii=e+0+1=ciqg+a;.
4) figBUDandi—1¢ B, then ¢; =¢;_; =0, and

ei+bi+ecioi=€e+040=cqg+a;.
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(ii) Now let u,v € N with e = u — v and 0,(u) 4 0,(v) minimal. We will
perform “local transformations” on the digits of « and v which do not increase
the sum of digits, and so that the final transformed pair of numbers equals
(a,b).

Denote by u; and v; the g-ary digits of u and v, respectively, and by w; €
{0,1} the carry in the ith position of the addition “c 4 v”:

€+ v + wi1 = wiq + u;.
We first note the following.

I fw; =0, then u; = ¢; + w;_; < q and v; = 0. If w; =1, then u; = 0 and
v; = q — (& + wi_y).

Namely, if both u; and v; were nonzero, we could subtract 1 from both of
them and thus diminish o,(u) + 0,(v).

By I, u and v are determined by e and w,,...,wo. We now describe nine
properties II—X of u, v, and the w;’s which hold after possibly applying some
local transformations. Together they imply that w; = ¢ for all 4, and hence
that (u,v) = (a,b).

IL If e; + wi_y < (¢—1)/2, then w; = 0.
To achieve this, suppose that e; + w;_; < (¢ —1)/2, and let j > i be such

that vg = ¢ —1for j > k> iandv; # ¢—1. If w; = 1, then using I the
addition has the form:

G e gy €51 s €i41 €
£ e v; gq—1 - g—1 q—e;—w;i,
U e U 0o .. 0 0
This implies that e;_y = --- = €;;; = 0. We transform u and v to
7 2 N o €; O ot i) €;
Pt e v;+1 0 ... 0 0
wls e u;j 0 -+ 0 e+wiy

(The digit sequence ‘626’ in Example 5.1 illustrates the first case, and ‘5530’
the second case.) Then e = v’ — v/, and

(G—t=1)g=1)+q—e; —wiey — (1 + €& 4 wi_4)

a4(u) + 04(v) =0, (') + a4(v"))
2 Q‘—geg —2'0‘).'_1 -1 2 0.
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Thus the transformation of (u,v) to (u/,v’) does not increase the sum of digits.
(In fact, the minimality of u,v implies that if w; = 1 before the transformation,
then j =i+ 1, u; =0, and ¢ = 2¢; + 2w;_1 + 1. We had to consider separately
the case vi4; = ¢ — 1, because v;4; + 1 would not be a digit, and then found

this to be impossible. A similar non-existent difficulty occurs in IV, VII, and
IX below.)

III. If e; + wi_1 > (g +1)/2, then w; = 1.

To achieve this, suppose that e; + w;_; > (g + 1)/2, and let j > i be such
that uy = ¢—1for j > k > i and u; # ¢—1. If w; = 0, then using I the
addition has the form:

AR - TR R | €
5 .- 1_7‘1 0 s a 0 0 )
w: .- ou; gq—1 --- qg—=1 e+ w4
and e; + w;_y < ¢. This implies that e;_; = -+ = ;41 = ¢ — 1. We transform
u and v to
e €; g—1 -+ g-1 CH
Wi e v 0 -« 0 g-—e—w_
L | 0 0 0

(The digit sequence ‘04’ in Example 5.1 illustrates the first case, and ‘036’ the
second case.) Then e = u’ —v’, and

oq(u) + aq(v) — (Jq(ur) + aq(v"))
= (J—i—=1)(¢g—1)+ei+wi1—(1+qg—e —wi)
> 2¢+2wi,—-1-¢>0.

Thus the transformation of (u,v) to (u’,v’) does not increase the sum of digits.
(In fact, if w; = 0 before the transformation, then j = ¢ + 1, v; = 0, and
q=2e+2w;_; — 1.)

The proof of (i) implies that II and III also hold for ¢;,c;_; instead of
wi, wi_1, and thus ¢ = w; follows inductively for all cases covered by II and
III, provided we can also show it for all other cases.

If g is odd, in fact all cases are covered, and (ii) is proven.

So we may now assume that ¢ is even. Only the case ¢;+w;_; = ¢/2 remains
uncovered; thus either e; = ¢/2 and w;_, =0, or ¢; = (¢ — 2)/2 and w;_; = 1.
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IV. If &; = q/2 and €41 > ¢/2, then w; = 1.

Assume that w; = 0. By III, we have that w;_, = 0. The addition has one
of the two forms

e: - €42 €1 2 .o x Giea e . 4/2
L N TR 0 0 sesl O vew Pgal §i— G 0
Uz - Uiy Eig q/2 s e Wity 0 Q/2

We transform this to

€1 =+ €42 €it1 Q/Q
v e Wiy g—¢iq1—1 gq/2
'ﬂ.! + Ll U:+2 0 0

with u; = w2 + (1 — wiy1). (The digit sequence ‘44’ in Example 5.2 is an
illustration.) This transformation does not increase the sum of digits. (In the
second form there is a strict decrease, so that this form can, in fact, not occur. )

If wiy; = 0 and w42 = g—1, we have to make the appropriate modification:
letting j > 7 4+ 2 be the smallest index with u; < ¢ — 2 and transforming
(uj5u5 15+ .., Uiy2) into (u; + 1,0,...,0); this strictly decreases the sum of
digits if j > i + 2, and thus can, in fact, not occur.

V. If i € B, then w; = 1.

Using I, we may assume e; = ¢/2 to prove this. By the definition of a block,
eitheri+1 € Bori—1¢€ B. Ifi+1 € B, the claim follows from IV. If i— 1 € B,
then either e;_y > (¢ +2)/2 or €;_; = ¢/2 (and then w;_; = 1 by IV). In both
cases, w;_1 = 1, and hence w; = 1 by III.

VI If : € D, then w; = 1.

Suppose {j,...,k} is a bridge with j > i > k; thus ¢; = e, = (¢ — 2)/2
and j+ 1,k —1 € B. By V, we have Wjy1 = w1 = 1. If there is some ¢ with
J 212k and w; = 0, then choose a smallest such i, Then w;_1 = 1, and III
implies that e; = (¢ — 2)/2. The addition has the form

e: - ey ey (g9-2)/2
Lo L 7 T e o 0
Ui o+ Uiy Uiyt Q’/Q

We transform this to
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€l cor Eigg €it1 (g—-2)/2
va Vigg 9—€in—1  q/2
s Uiyg 0 0

If wiy1 = 1, then viy1 = ¢ — €41, and we use ul,, = u;yy and Vg = Viga.
The sum of digits decreases by one, and thus this case is impossible. If Wiy = 0,
then i + 1 ¢ B by V, and we have e;4; = ¢/2 and ;45 = (g — 2)/2. Thus
uiyz < (¢ —2)/2 < ¢ —2, and we can use ul,, = ujyy + 1 and Vii2 = Vija.
One checks that the transformation does not increase the sum of digits. (By

considering a maximal interval of “w; = 0", one can show that this case can,
in fact, not occur.)

VIL If &; = (¢ — 2)/2, and either ;_; < (g —2)/2 or ;41 < (g —2)/2, then
igEBUDandw.-zﬂ.

We have ¢ ¢ B. If i € D, then we have e;41,e;_1 > ¢/2, which is not the
case; hence i ¢ D. Now assume that w; = 1. Then w;_; = 1, by II. We first
consider the case e;_; < (¢ —2)/2. Then ¢;_; = (¢ —2)/2 and w;_, = 1, by II.
Thus the addition has the following form:

e: -+ eq1 (9—2)/2 (¢-2)/2
v: Vit1 q/2 q/2
U2 woe Tgy 0 0

We transform this to

SR €it1 (=2)/2 (¢-— 2)/2
'U'il i s + 1 0 0
Wial Uit (¢-2)/2 q/2

(The digit sequence ‘6336’ in Example 5.2 is an illustration.) Then ¢ = u’' — v',
Tq(u) + 04(v) = a4(u’) + 0,(v'), and VII holds. (If vi4; = ¢ — 1, we have to use
the smallest j > i with e; # ¢—1, as in II, only to find that this was impossible
anyway.)

The second case is where e;_; > (¢ —2)/2, so that e;; < (¢ — 2)/2. Since
the case of two consecutive (¢ — 2)/2’s has been dealt with, we may assume
ei+1 < (g —2)/2. Then wiy; = 0 by II, and the addition has the form

e;: -+ e (g—2)/2
Ui rre Bigt q/2
UL ser Uit 0

Since w; = 1 and wyyy = 0, we have u;; > 1. We transform this into
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€. €it1 (q o 2)/2
v e Uit1 0
u' Uiy — 1 Q/2

Now we have a,(u’) 4+ g,(v') < o4(u) + o4(v); this shows that the situation
cannot occur at all.

VIIL If e; = ¢/2 and w;4; = w;_; =0, then w; = 0.

Otherwise we would transform

S €i+1 ql2

Pt v 0 q/2

1wt s Teng e [
to

€ ol B ql2

O s () 0

' 4 e g2

IX. If (ej, ..., ex) is an alternating sequence of (¢ — 2)/2 and ¢/2 with j, k ¢
BUD and j > k, then w; =0 for j > i > k.

We may assume that (ej,...,e;) is a maximal such sequence, and by as-

sumption does not form a bridge. We claim that we are in at least one of the
following four cases:

a) ex-1 < (¢ —4)/2,
b) er = ex_1 = (¢-2)/2,
c) ej+1 < (¢—4)/2
d) ejpn =e; =(q-2)/2.

To show this claim, assume that all four conditions are false. Then ej_1, €41 =
(9—2)/2. Hex_y = (¢—2)/2, then e; = (¢—2)/2 since otherwise (j, ..., k) would
not be maximal; but this would imply b), and hence e;_; > ¢/2. Similarly,
ej+1 = ¢/2. But then e, = e; = (¢ — 2)/2, since otherwise k € B or j € B.
Either j+1 ¢ B or k—1 &B, since otherwise (j,..., k) is a bridge. If k—1 ¢ B,
then k —2 ¢ B, and (j,...,k,k — 1) would be a longer alternating sequence.
Similarly, j + 1 ¢ B implies that j + 2 ¢ B and that (j + 1,j,...,k,k — 1) is
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a longer alternating sequence. In each case, we have a contradiction, and the
claim is proven.

We prove w; = 0 for j > i > k, by induction on i — k in cases a) and b),
and by induction on j — ¢ in cases c) and d).

In case a), wx—; = 0 by II, and in case b), wy = wx_; = 0 by VII. Assume
that w; = 1 for some ¢, j > ¢ > k, and choose the smallest such i. We have
ei = q/2 by I, e;41 < (¢ —2)/2 since i € B, and w4y = 1 by VIII, so that
eir1 = (¢ — 2)/2, by IL The addition

e: oo ez (9-2)/2 ¢f2 e,
Vi oeee Vigo q/2 g/2 0
Ul oeee Uiy 0 U ey

can be transformed to

(1]

eiva  (¢-2)/2 q/2 eiq
v e wvpge+1 0 0 0
2 uss  [@=22 42 i

(The digit sequence ‘0436’ in Example 5.2 is an illustration.) If vy = g — 1,
we find the smallest £ > 1 42 with v, < ¢—2, and transform (ve, Ve—ry .-y Vig2)

to (v +1,0,...,0) without changing (uy, ... , Uit2); this strictly decreases the
sum of digits and therefore cannot occur.

So we now assume that a) and b) are false. In case c), wjy, = 0 by II, and
in case d), wjy; = w; = 0 by VII. Assume w; = 1 for some i, j > i > k, and
choose the largest such 1.

If e; = (¢ — 2)/2, then w;_; = 1 by II, and we transform the addition

e: ==  eus . lg=2)/2

Yz 0 q/2

Tl e ﬂ"+1+1 0
to

i o e (g-2)2

,”-": e 0 U

w':o ... €it1 Q’/2

This strictly decreases the sum of digits, and thus cannot occur. (If ¢ = 2 and
ei+1 = 1, then v, u', v’ are as above, but (ui42,uit1) = (1,0); this can indeed
oceur.)

If e; = q/2, then €;4; < (¢~ 2)/2 by IIL. Furthermore, &;_; = (¢ — 2)/2,
since €;—1 > /2 implies ¢ € B, and e;_; < (¢ —4)/2 implies i = k and case a),
which we ruled out. We transform the addition
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Bl e €it1 q/2 (9-2)/2

S T, 0 q/2 —w;_, Vi1

I | 0 Uiq
to

€yt ey ElR (g—2)/2

Bl = 0 0

u': e g1 qf2 (g—2)/2 + wi_y

Lel.

n = oy(u)+a,(v) - (og(u') + aq(v"))
= €1 +14(q/2 = wisq) + ujy + vig
—(ei+1 + /2 + (¢ = 2)/2 + wiy)
= Ujimy +0im1 —q/24+ 2 —w;_; — w;_,.

Wwiy=0,then w;y =(¢—2)/2+w; 2, vi.y=0,andnp=1. fw_, =1,
then u;_; =0, vioy = (¢ +2)/2 — wi_3, and n = 2 — 2w;_5 > 0. In either case,
the transformation does not increase the sum of digits.

X. Ifi: € BUD, then w; = 0.

This follows from II if ¢; < (¢ — 4)/2, from VII if ¢; = (¢ — 2)/2 and
ei-1 < (g —2)/2 or ei41 £ (¢—2)/2, from IX if &; = (¢ — 2)/2 and ¢;_; > ¢/2
and eiy1 > ¢/2, from IT and VIIL if €; = ¢/2 and €;_; < (¢ — 4)/2 and €;44 <
(¢ —4)/2, and from IX if e; = ¢/2 and €;_y = (¢ —2)/2 or ey = (g — 2)/2.
One checks that this exhausts all possibilities.

Now V, VI, X, and (5.6) imply that w; = ¢; for all 7, and hence (ii).

(iii) It is sufficient to show that
ola) +o,(b)=T+28+7—4.

For 0 <1 < n, let
G=a;i+b—e >0 (5.7)

be the ezcess over the minimal value e}. Thus ¢; € {0,1}, and going back to
(5.5) and the following paragraph, we find

i (iEEUbandi—lEB]or(iEBandi—lﬁf,BUD) (5.8)
or(i€Dande=(¢—2)/2) or (i ¢ BUD and ¢; = ¢q/2).
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It is sufficient to show that

> e=28+v-86. (5.9)

Let {j1,---,k1}, {J2s---sk2}, ..., {Jsy---,ks} be a maximal sequence of
blocks with a bridge Dy = {ke—1,...,je41 + 1} between consecutive blocks, so
that s> 1, D, CDfor1 <€<s,and j1 +1,k; —1 € BUD. (In particular,
{71,..+,ks} € BUD is a maximal subinterval.) For j; +1 > i > k,, ¢ equals
1 if and only if

i=ji+lori=k,or(i€Dande=(qg—2)/2),

by (5.8). If ¢ = (ke — je41 — 2)/2 is the number of ¢/2’s in bridge D; (i.e., the
number of bumps in D;), then there are v¢ + 1 many (g —2)/2’s in D;, and

Y & =24 ) (r+1)

f1=1>i>k, 1<2<s

2+ ) vt+s—1

1<€<s

= E*y,;-i—?s—(s—l).

1<i<s

Furthermore, for ¢ not in or adjacent to BUD, ¢; = 1 only if ¢; = ¢/2 and
t ¢ B. Adding up, (5.9) follows. O

6. The maximal depth

In this section, we determine the range of values assumed by o¥(e) for 0 < e <
q". 7(e) is often a reasonable estimator for o (¢), namely

7(e) < 0¥ (e) < 7(e) + n + (n mod 2) (6.1)

holds for any non-negative e < ¢, with n mod 2 € {0,1}. The left inequality
follows from Theorem 5.4 (iii) and § < 3, and for the right inequality, we
consider the 3+ v sets {¢,7 — 1} for ¢ a bump or ¢ the right endpoint of a block.
These sets are disjoint and contained in {n —1,...,0,—1}, hence

oX(e)=T1(e)+28+v—-6<7(e)+ 28+ < 7(e)+n+ (nmod?2).
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For ¢ > 3, the upper bound is achieved at any e whose g-ary representation
(én-1,...,¢0) has eq_; > (¢+ 1)/2 for odd i, and e,_; < (g — 3)/2 for even i,
such as
(q_ 1)01‘1‘” 1,0,9 - 1101---):
since then each (n—1) is a block for odd i. For ¢ = 2, we always have () = 0.
What is the maximal value of o¥(e)? It turns out to be sometimes smaller

than what would be obtained from maximizing 7(e) in the right hand side of
(6.1).

EXAMPLE 6.1. For ¢ = 8, we have some examples with o5 (¢) = |Tn/2] + 1,
forn =5 and n = 6:

44343 43434 43435 443434 443344 434344
34000 , 00000 , 00003 , 340000 , 340034 , 000034
100343 43434 43440 1003434 1003400 434400

THEOREM 6.2. Let ¢,n € N, ¢ > 2. Then the maximal value of o (e), for
0=e<qmis[n(g—1)/2] +1.

PROOF. Set m = |(g —1)/2], and let 0 < e < g, We first consider the case
that ¢ is odd, and let a, b be as constructed in (5.5) and the subsequent two
lines. Since ex > (g +1)/2 and €43 < (¢ — 3)/2 in a block (4,---,k), we have
aiy b < m for all ¢ with 0 < ¢ < n, and a, + b, < 1. Thus

o¥(e) <14+ nm=|n(g—1)/2] +1.
On the other hand, the e with g-ary representation (m+1,m,m,...,m) has
qu(c) =m=14+(n-1)m+2=nm+1,

by Theorem 5.4 (iii), and thus the upper bound can be achieved.
Now we consider even ¢. Using the notation ¢; from (5.7), we have

e =)+ ¥ = ¥ (e +e),

0<i<n 0<i<n

and e} < m for all i. The idea of the upper bound proof is roughly that every
index lics in an interval of even length in which the excess is at most 1/2 per
index on average. More precisely, we claim that for each i, n —1 > i > 1, we
have
e;te 1 tate<2m+1,

except if

t€BUD, e =q/2,e;0=(¢g—2)/2,i-2€B. (6.2)
To prove the claim, we may assume that ¢; = ¢;,_; = 1, since e; < m for all 7.
Then, using (5.8), we have one of the following cases:
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1.ieB,i—1¢BUD,i-2¢B,

2. i¢BUD,i—1€B,i-2¢BUD,

3. ieD a=(qg=2)/2,i —T€B, i-2¢BUD,

4 ig¢BUD, e=q/2i-1¢BUD,i-2€B.

In case 1, we have e;_; < (¢ —3)/2 and e}_;, < m — 1. In cases 2 and 3, we
have e;_; > ¢/2 and again e!_; < m — 1. In case 4, we have ¢;_; < (¢ — 2)/2,
and either (6.2) or e;_y < (¢—3)/2 and e!_, < m—1. Thus the claim is proven.

Now assume (6.2), and define j by n+12>j > 1,

(e.f! e '181'—1) = (e.ive.f—hQ/zs(q i 2)/2’(}/2: (q i 2)/2= S |Q/2! (q i 2)/2) ’
and (ej,€e;_1) # (¢/2,(g —2)/2) (using e,41 = e, = 0). We claim that
e;+eiy+¢€+ea<2m. (6.3)

To prove (6.3), first suppose that e;_; = (¢ — 2)/2. Then ¢; # ¢/2 and j &€ B
(since otherwise ¢ € D), hence e; < (¢—2)/2. Then ¢; = ¢;_1; = 0. Now suppose

that e;_; # (¢ — 2)/2. Then e;_; < (g —4)/2, since otherwise j —1 € B and
i€D. Then el ; <m-—1,¢._,=0,and

e;t+e; s +e+ega<m+(m—1)4+1+0=2m.
(6.3) implies that

“ = 1
Z (€-k+€k) = 2m+(;_3_2)(m+§)+2m+2

1Zkzi-1
i3 1
= (-i+2)m+3).
Furthermore, if j = n + 1, as in the third addition of Example 6.1, then
e; =ej_1 = ¢ =¢_1 =0, and

Z (c[_—l—ck)S(n%—l—i)(m-}-%)-ﬁ-l.

n2k>i-1

Ifj=n,thene; =¢;=¢_1=0,¢ej_; <m—1,and

2 (eitea) < m—1+(n—£)m+n_‘$+2
n>k>i-1 . 2
1

= (n+1—z'](m+]—2')—§.
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Putting things together, we have shown that the set {n—1,...,0} of indices
can be partitioned into singletons (i) with e + ¢ < m, and intervals of even
length with excess at most 1/2 per index, except that the leftmost interval may
have excess one more (corresponding to j = n+ 1 as above, or ¢, = 1 as in the
first and fourth addition of Example 6.1). Thus

a':’(e) Sn-m+|n/2] +1=|n(q- 1)/2] + 1.

To show that this bound can be achieved, we consider the e with g-ary
representation

(9/2,9/2,(9 - 2)/2,9/2,(q - 2)/2,9/2,...),

as the first and fourth addition in Example 6.1. Then (e) = nm, f(e) = 1,
v(e) = |(n — 2)/2], é(e) = 0, so that a;t(e) =nm+2+ |(n-2)/2 =
ln(¢—-1)/2] +1. O

COROLLARY 6.3. Let ¢ >22,n €N,0<e < ¢", and { = [log; n(q—1)]. Then
¢ can be computed by an addition/subtraction chain with free multiplication
by g of depth ¢, and if n(q — 1) is not a power of two, of depth £ — 1.

For large n and randomly chosen e with 0 < e < ¢", the expected value of
o (e) is approximately n(qg—1)(¢+1)/4qif ¢ is odd, and n(g—1)(g+2)/4(g+1)
if ¢ is even. For large ¢, this confirms the intuition that o¥(e) should be on

average about half as large as the expected value n(g — 1)/2 of o,(e).

7. Fermat’s Little Theorem

In our usual notation, suppose that 0 < e < ¢". What is the relation between
arithmetic circuits value-computing T, using only multiplication (or multipli-
cation and division) and free gth powers, and addition (or addition/subtraction)
chains with free multiplication by ¢ computing e? Obviously, any chain gives
an arithmetic circuit computing z°, without changing size or depth. On the
other hand, an arithmetic-circuit a as above computing z° yields a chain for
e. But “value-computes”, as defined in Section 3, only requires o to compute
some z¢ with a? = a® for all ¢ € Fgn. If a division occurs in q, this is required
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only for a # 0; in the following, we work with this condition. From Fermat’s
Little Theorem

VaeFpn\ {0} o '=1,
we find that
d=emodq¢" -1

is a necessary and sufficient condition. It is somewhat surprising that d > e
may actually be advantageous:

EXAMPLE 7.1. For q = 8, n = 3, e = 342, with octal representation (526)s,
andd = e+ 7-(8 —1) = 3919 = (7517)s, we have oE(c) = 9 > 7 = o (d).
The two optimal octal additions are:

e = 526 d = 75617
302 301
1030 10020

By Theorem 4.5, z° requires depth 4, while % can be computed in depth 3.

We now prove that if we add s(¢" — 1) to e for small s (namely s < ¢*),
then ¢F cannot drop by more than two, as in Example 7.1. We first need the
following fact about “concatenating” nonnegative integers s,d < ¢" to form
3q™ +d. We denote by B, and By C {0,...,n — 1} the set of block indices from
(5.1) for s and d, respectively.

LEMMA 7.2. Let ¢>2,n €N, 0<d,s < q*. Then
o (sq" +d) < orq*(s) + oy (d) < or(sq" +d)+2,
and if 0 ¢ B,, then
- + L n
o7 (8)+o;(d) <o (sq"+d)+1.

PROOF. The first inequality follows from (4.4). For the second inequality, let
e = s¢" + d, and denote by B, and D, C {0,...,2n — 1} the set of block and
bridge indices for e, as in (5.1) and (5.2), respectively. Let C4,C, € {0,...,n—1}
be the set of bump indices for d, s, respectively.

We associate to each block {4, ..., k} of s the interval {j+n,...,k+n}, and
to each block {j,...,k} of d the interval {j,...,k}. Then we have associated
to each block of s or d a block of ¢, except if 0 € B, and n — 1 € By, in
which case two blocks are merged into one. Hence 8(s) + B(d) < f(e) + 1, and
B(s) + B(d) = Ble) if

0¢B,orn—1¢B,. (7.1)
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Similarly, we can associate to each bump of s or d a bump of e, except possibly
for a “border conflict” at n — 1 or n. Thus ¥(s) + v(d) < v(e) + 2, and
(s) +7(d) = 2(e) if

(0¢Csorn—1¢BaUC) and (0 ¢ B,UC, or n—1 & Cy). (7.2)
In the same vein, we have 6(s) + 6(d) > 6(e) — 1, and §(s) + &(d) = 6(e) if
n€D,andn—1¢D,. (7.3)

Note that B, NC, = B4yNCy = @. If (7.1) is not satisfied, then 0 € B, and
n—1 € By, and (7.2) and (7.3) hold. Similarly, the negation of (7.2) implies
that n,n — 1 € B, and (7.3). Lastly, 7(s) + 7(d) = 7(e). Thus

cr;t(s) - U::(d)

I

7(8) +2B(s) + () — 8(s) + 7(d) + 28(d) + 7(d) — 6(d)
< 7(e) +2B(e) + v(e) — 8(e) + 2
= o¥(e)+2.

This proves the first claim.
If 0 ¢ B,, we can have equality in the second inequality only if ~(s) +
= v(e) + 2. But then 8(s) + A(d) = B(e) — 1 and (7.3) holds, so that

(d)
o7(s) + 0F(d) = 0¥(sq™ + d). This proves the second claim. O

THEOREM 7.3. Let ¢ >2,n €N, 0 < e,s < ¢g". Then
of(e+s(q" —1)) > a¥(e) - 2.
PROOF. Set d = e+ s(¢" —1), and write d = dy¢" + do with 0 < do,d; < ¢™.
Then
e=d—s(¢"—1)=(dy —s)q" +do+s < q".

Since dp + s < 2¢™, we have dy —s =0 or d; — s + 1 = 0. First suppose that
dy = s. Then e = dy + s, and by (4.4) and Lemma 7.2, we have

cr;l:(c) < cr:f(do) +o¥(s) < aq*(.sq“ +do)+2= oqi(d) + 2.
Now suppose that dy + 1 =s. Then ¢" + e = dy + s, and if ¢ > 3, then

aqi(e)-l-l (¢" +e}<a (d0)+o' (s)
(do) + o (dr) + (1)

:{:
'i'
:I:
‘1'
oy (dhgq" +do)+2+1

IA A
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For ¢ = 2, the first equality may fail to hold, since o3 (e) = or2 (2* + e) is
possible. But then either d, i i odd, in wh1ch g 0 & By, and 0 (s) < o5 (dy),

or d; is even, in which case o5 (dy) + 05 (dy) < oF(dy 2" + do)+1, by the second
part of Lemma 7.2. In either case, we conclude that o(d) > a, *(e)—2. O

It remains open whether a(e + s(¢" — 1)) > oF(e) — 2 for any s € Z. The
method above will show that (e + s(¢" — 1)) 2 oF(e) — 2i if s < ™.
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